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Abstract
Let G be a group acting by homeomorphisms on a Hausdorff com-
pact space Z. We constructed a new space X that blows up equiv-
ariantly the bounded parabolic points of Z. This means, roughly
speaking, that G acts by homeomorphisms on X and there exists
a continuous equivariant map pi : X → Z such that for every non
bounded parabolic point z ∈ Z, #pi−1(z) = 1.
We use such construction to characterize topologically some spaces
that G acts with the convergence property and to construct new con-
vergence actions of G from old ones. As one of the applications, if
G is a finitely generated accessible group such that every quasiconvex
subgroup has more than one end, then G is virtually free.
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Introduction
Let G be a group, Z be a Hausdorff compact space, ϕ : Gy Z an action by
homeomorphisms, P ⊆ Z the subset of bounded parabolic points, P ′ ⊆ P a
subset of representatives of orbits of points in P and for each p ∈ P ′ a com-
pact space Yp = Stabϕp ∪Cp such that Stabϕp is open, the union is disjoint,
the left multiplication action of the group on itself extends continuously to
the whole space and it has the perspectivity property (i.e. for every u en-
tourage of the uniform structure compatible with Yp and every finite subset
K of Stabϕp, the set {g ∈ Stabϕp : gK /∈ Small(u)} is finite). Then we con-
struct a compact space X and an action of G on X that blows up Z through
out the points of P and the fibers are a copy of Cp to each element of the
orbit of the point p ∈ P ′. Such construction is called parabolic blowup. It is
characterized in the following sense:
Theorem 2.24 Let X be a Hausdorff compact space that G acts by homeo-
morphisms, U the uniform structure compatible with the topology of X and
a continuous surjective equivariant map π : X → Z such that ∀x ∈ Z − P ,
#π−1(x) = 1. For p ∈ P , take Wp = X − π
−1(p). Then X is equivariantly
homeomorphic to a parabolic blowup for some choice of {Yp}p∈P if and only
if the following conditions holds:
1. The map π is topologically quasiconvex (i.e. ∀u ∈ U the set of inverse
images of points of Z that are not u-small is finite).
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2. ∀p ∈ P , X has the perspectivity property with respect to Wp and
Stabϕp (i.e. ∀u ∈ U, ∀K compact subset of Wp, the set {g ∈ Stabϕp :
gK /∈ Small(u)} is finite.
There are two good properties that worth mentioning:
1. The parabolic blowup is functorial: Let H be a group and EPers(H)
be the category whose objects are compact spaces together with an
action from H by homeomorphisms such that H is an open subspace,
the action restricted to H is the left multiplication action, and the
space is perspective with respect to H and morphisms are continu-
ous equivariant maps that are the identity when restricted to H . Let
Act(H) be the category whose objects are compact spaces together
with an action of H by homeomorphisms and the morphisms are con-
tinuous equivariant maps. Then, fixed the map ϕ : Gy Z as described
above, we have a functor
∏
p∈P ′ EPers(Stabϕp) → Act(G) that send
the family {Yp}p∈P to the parabolic blowup with respect to that family
(Proposition 2.11).
2. If Z has a copy of G, then X has also a copy of G (Proposition 2.14).
Furthermore, if Z has the perspectivity property with respect to G,
then X has the perspectivity property with respect to G (Proposition
2.16).
Similar constructions already have appeared on the literature. On the
Combination Theorem [6] Dahmani constructed the Bowditch boundary for
fundamental groups of a class of graphs of groups such that the vertex groups
are finitely generated and relatively hyperbolic. If all edges have finite groups,
then his construction agrees with ours. Dahmani also constructed an EZ-
structure for relatively hyperbolic groups [5] and Martin did a Combination
Theorem for EZ-structures of complexes of groups [19]. S´wiatkowski worked
on a special case of Martin’s construction and characterized topologically a
family of spaces that appears as boundaries of EZ-structures of graphs of
groups with finite edge groups [23]. Such family is called dense amalgams.
We rewrote such characterization in a way that it is more compatible with our
parabolic blowup construction (Proposition 1.21). As an easy consequence,
the Bowditch boundary of a fundamental group of a finite graph of groups
such that the vertex groups are finitely generated and relatively hyperbolic
and the edge groups are finite is a dense amalgam.
As applications of the parabolic blowup, we prove the following:
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1. If G acts on two spaces X and Y with the convergence property and
there is a continuous surjective equivariant map π : X → Y such that
the inverse image of every non bounded parabolic point is one point,
then X is equivariantly homeomorphic to a parabolic blowup of Y
(Theorem 3.1).
2. Let G be a group. If there is a parabolic blowup π : X → Z such
that attractor-sum G∪Z is geometric and the actions of the stabilizers
of bounded parabolic points on the fibers have convergence property,
then the action of G on X has the convergence property (Theorem
3.9). On the special case where the actions on Z and on all the fibers
are relatively hyperbolic we have also that the action on X is relatively
hyperbolic (Corollary 3.16). We give a new proof of a Drutu and
Sapir theorem [9] that says that if G is a finitely generated group that is
relatively hyperbolic with respect to a set of parabolic subgroups P and
each P ∈ P is relatively hyperbolic with respect to a set of parabolic
subgroups PP , then G is also relatively hyperbolic with respect to the
set
⋃
P∈P PP . Furthermore, we construct its Bowditch boundary.
3. If there is a parabolic blowup π : X → K, where X is metrizable
and K is the Cantor set, such that there are countably many bounded
parabolic points on K and each orbit of a bounded parabolic point of
K is dense, then X is a dense amalgam Proposition 3.19. This char-
acterizes topologically metrizable spaces with more than two connected
components that a finitely generated group acts with convergence prop-
erty. On the opposite direction, given a finite graph of groups with
finitely generated vertex groups {Gi}i∈V , finite edge groups and funda-
mental group G and given a family of convergence actions of the vertex
groups on spaces Ci, with i ∈ V , there is a convergence action of G on
a space X such that ∀i ∈ V , Ci is equivariantly homeomorphic to the
limit set of Gi on X (Proposition 3.20). Such space X is a dense
amalgam of the spaces Ci. If the actions of the vertex groups are all
relatively hyperbolic with Ci = ∂B(Gi,Pi), then the action on X is also
relatively hyperbolic andX is the Bowditch boundary ∂B(G,
⋃
i Pi) (we
abuse the notation here saying that the vertex groups are subgroups of
G).
4. If G is a group and p is a bounded parabolic point of Ends(G), then
Stab p has one end (Proposition 3.22). If G is a finitely generated
accessible group such that every quasiconvex subgroup has more than
one end, then G is virtually free (Theorem 3.24). If G is a finitely
generated group that is relatively hyperbolic with respect to a set of
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subgroups P and the Bowditch boundary ∂B(G,P) is connected and
G is not one-ended, then there exists H ∈ P that is not one-ended
(Corollary 3.26). Also, if G is a finitely generated group that acts
minimally relatively hyperbolically on a non trivial space X that is
connected, locally connected and without local cut points, then G is
one-ended (Corollary 3.27).
5. If G is a group and p is a bounded parabolic point of the maximal
perspective compactification of G, then the maximal perspective com-
pactification of Stab p is one point (Theorem 3.28).
1 Preliminaries
Proposition 1.1. (Proposition 9, §4.4, Chapter 1 of [1]) Let X be a Haus-
dorff compact space where there exists a family of subspaces {Xn}n∈N such
that each one has a countable basis and X =
⋃
n∈NXn. Then, X is metriz-
able.
Proposition 1.2. Let f : (X1,U1) → (X2,U2) be an uniformly continuous
map, u ∈ U2 and Y ⊆ X2 : Y ∈ Small(u). Then f
−1(Y ) ∈ Small(f−1(u)).

Proposition 1.3. Let X and Y be topological spaces and f : X → Y a
continuous and closed map. If Φ = {{yγ,i}γ∈Γ : i ∈ F} is a set of nets in Y
that converges uniformly to a point y ∈ Y such that #f−1(y) = 1, then the set
of liftings of Φ to X (i.e. the nets {xγ}γ∈Γ in X such that {f(xγ)}γ∈Γ ∈ Φ),
converges uniformly to f−1(y).
Proof. Suppose that the set of liftings of Φ do not converge uniformly to
f−1(y). So there exists an open neighbourhood U of f−1(y) such that ∀γ0 ∈
Γ, ∃γ1 > γ0, ∃{xγ,i}γ∈Γ a lifting to the net {yγ,i}γ∈Γ such that xγ1,i /∈ U .
The set X − U is closed and f is a closed map, which implies that the set
f(X − U) is closed. Since y ∈ V = Y − f(X − U), we have that V is an
open neighbourhood of y. So yγ1,i = f(xγ1,i) /∈ V . We have that ∀γ0 ∈ Γ,
∃γ1 > γ0, ∃i ∈ F such that yγ1,i /∈ V . Thus Φ do not converge uniformly to
y.
Definition 1.4. Let X be a topological space, Φ = {fγ}γ∈Γ a net of maps
from X to itself and A ⊆ X . We denote by Φ|A = {fγ|A}γ∈Γ. We say that
Φ|A converges uniformly to x ∈ X if ∀U neighbourhood of x, there exists
γ0 ∈ Γ such that ∀γ > γ0, fγ(A) ⊆ U .
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Proposition 1.5. Let X be a topological space, Φ = {fγ}γ∈Γ and Ψ =
{gγ}γ∈Γ be two families of maps from X to itself and A,B ⊆ X. If Φ|A
converges uniformly to a ∈ X, Ψ|B converges uniformly to b ∈ X and B is a
neighbourhood of a, then (Ψ ◦ Φ)|A = {gγ ◦ fγ |A}γ∈Γ converges uniformly to
b.
Proof. Let U be a neighbourhood of b. Since B is a neighbourhood of a,
there exists γ0 ∈ Γ such that ∀γ > γ0, fγ(A) ⊆ B. We have also that there
exists γ1 ∈ Γ such that ∀γ > γ1, gγ(B) ⊆ U . So if γ2 is bigger than γ0 and γ1,
then ∀γ > γ2, gγ ◦ fγ(A) ⊆ gγ(B) ⊆ U . Thus, (Ψ ◦Φ)|A converges uniformly
to b.
1.1 Topological quasiconvexity
Definition 1.6. Let X be a Hausdorff compact space and ∼ an equivalence
relation on X . We say that ∼ is topologically quasiconvex if ∀q ∈ X, [q]
is closed and ∀u ∈ U, #{[x] ⊆ X : [x] /∈ Small(u)} < ℵ0, with U the only
uniform structure compatible with the topology of X and [x] the equivalence
class of x.
Let X , Y be Hausdorff compact spaces. A quotient map f : X → Y is
topologically quasiconvex if the relation ∼= ∆2X ∪
⋃
y∈Y f
−1(y)2 is topolog-
ically quasiconvex.
Proposition 1.7. (Proposition 7.51 of [22]) Let X be a Hausdorff compact
space and ∼ a topologically quasiconvex equivalence relation on X. If A ⊆
X/∼, we define ∼A= ∆
2X∪
⋃
[x]∈A
[x]2. Then, ∀A ⊆ X/∼, X/∼A is Hausdorff.
Remark. In particular we have that ∼X/∼=∼.
Proposition 1.8. Let X be a Hausdorff compact space, ∼ a topologically
quasiconvex equivalence relation on X and ∼′ an equivalence relation on X
such that ∼′⊆∼ and ∀q ∈ X, ∼′ ∩[q]2∼ is topologically quasiconvex (as a
relation in [q]∼), with [q]∼ the class of q with respect to ∼. Then ∼
′ is
topologically quasiconvex.
Proof. Let U be the unique uniform structure compatible with the topology of
X and u ∈ U. The set {[q]∼ : [q]∼ /∈ Small(u)} is finite. Let [q]∼ /∈ Small(u)
and consider [j]∼′ the equivalence class of a point j with respect to ∼
′. We
have that {[j]∼′ ⊆ [q]∼ : [j]∼′ /∈ Small(u ∩ [q]
2
∼)} is finite, which implies
that {[j]∼′ ⊆ [q]∼ : [j]∼′ /∈ Small(u)} is also finite. Then {[j]∼′ ⊆ X :
[j]∼′ /∈ Small(u)} is finite, since it is a finite union of finite sets. Thus ∼
′ is
topologically quasiconvex.
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Proposition 1.9. Let X be a Hausdorff compact space, U be the unique
uniform structure compatible with the topology of X, B a base of U and ∼ an
equivalence relation on X such that ∀u ∈ B, #{[x] ⊆ X : [x] /∈ Small(u)} <
ℵ0, with [x] the class of x. Then ∼ is topologically quasiconvex.
Proof. Let u ∈ U. We have that ∃v ∈ B : v ⊆ u. By hypothesis, we have
that #{[x] ⊆ X : [x] /∈ Small(v)} < ℵ0. If [x] ∈ Small(v) and v ⊆ u then
[x] ∈ Small(u), which implies that {[x] ⊆ X : [x] /∈ Small(u)} ⊆ {[x] ⊆
X : [x] /∈ Small(v)}. So #{[x] ⊆ X : [x] /∈ Small(u)} < ℵ0. Thus ∼ is
topologically quasiconvex.
Consider Z a Hausdorff compact space, P ⊆ Z, {Xp}p∈P a family of
Hausdorff compact spaces, ∀p ∈ P , a continuous map πp : Xp → Z that is
injective at Xp − π
−1
p (p) and surjective and X = lim
←−
{Xp, πp}p∈P , together
with the maps ̟p : X → Xp, for p ∈ P .
We have that πp|Xp−π−1p (p) : Xp−π
−1
p (p)→ Z−{p} is a homeomorphism.
So there is a canonical copy of Z − P on each Xp.
Proposition 1.10. Let ι : Z − P → X be the map inducted by the map
inclusions of Z − P on Xp, for each p, and on Z. Then, ι is an embedding.
Proof. The map ι is the unique continuous map that commutes the diagram
(for each p ∈ P ):
Z − P
ιp ##●
●●
●●
●●
●●
ι // X
̟p

π
  ❅
❅❅
❅❅
❅❅
❅
Xp
πp // Z
Where ιp is the inclusion map. Since πp ◦ ιp = idZ−P is injective, we have
that ι is injective too. Let A be a topological space and g : A → Z − P a
map. If g is continuous, then ι ◦ g is continuous. If ι ◦ g is continuous, then
̟p ◦ ι ◦ g is continuous (for every p ∈ P ). But ̟p ◦ ι ◦ g = ιp ◦ g, which
implies that g is continuous, because ιp is an embedding. So g is continuous
if and only if ι ◦ g is continuous. Thus, ι is an embedding.
Proposition 1.11. The projection map π : X → Z is injective on the set
π−1(Z − P ).
Proof. Consider the equivalence relation ∼= ∆2(X) ∪
⋃
x∈Z−P π
−1(x)2. By
the definition of this equivalence relation there exists maps ̟′p and π
′ that
commutes the diagram (for each p ∈ P ):
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X̟p
☞☞
☞☞
☞☞
☞☞
☞☞
☞☞
☞☞
☞☞
π
✶
✶✶
✶✶
✶✶
✶✶
✶✶
✶✶
✶✶
✶
̺

X/∼
̟′p}}③③
③③
③③
③③
π′ !!❇
❇❇
❇❇
❇❇
❇
Xp
πp // Z
Where ̺ is the quotient map. Since ̟p and π are continuous and ̺ is a
quotient map, we have that ̟′p and π
′ are continuous. By the uniqueness of
the limit, we have that ̺ is a homeomorphism, which implies that∼= ∆2(X).
Thus, ∀x ∈ Z − P, #π−1(x) = 1, which implies that π|π−1(Z−P ) is injective.
Proposition 1.12. The map ̟p|π−1(p) is a homeomorphism between π
−1(p)
and π−1p (p).
Proof. Analogous to the proposition above.
Proposition 1.13. Consider the relation ∼= ∆2X2 ∪
⋃
p∈P
π−1(p)2 on the
space X. Then ∼ is topologically quasiconvex.
Proof. Let U and Up be the uniform structures compatible with the topologies
of X and Xp, respectively, and B = {̟
−1
p1
(up1) ∩ ... ∩̟
−1
pn (upn) : upi ∈ Upi}.
The set B is a base for U. Let u = ̟−1p1 (up1)∩ ...∩̟
−1
pn (upn) ∈ B and p ∈ P
such that π−1(p) /∈ Small(u). Then there exists i ∈ {1, ..., n} such that
π−1(p) /∈ Small(̟−1pi (upi)), which implies that ̟pi(π
−1(p)) /∈ Small(upi)
(Proposition 1.2). But ̟pi(π
−1(p)) is a singleton for every pi 6= p and
points are arbitrarily small. So p ∈ {p1, ..., pn}, which implies that the set
{π−1(p) : π−1(p) /∈ Small(u)} is finite. Since u is an arbitrary element of B,
it follows that ∼ is topologically quasiconvex (Proposition 1.9).
Proposition 1.14. Let’s take a family of spaces {Yp}p∈P ′, ∀p ∈ P , a con-
tinuous map π′p : Yp → Z that is injective at Yp − π
′−1
p (p) and surjective and
Y = lim
←−
{Yp, π
′
p}p∈P . Take, for each p ∈ P , a continuous map φp : Xp → Yp
such that the diagram commutes:
Xp
πp
  ❆
❆❆
❆❆
❆❆
φp // Yp
π′p

Z
Let φ : X → Y be the induced map. Then the diagram commutes:
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Z − P
ι′ ##●
●●
●●
●●
●●
ι // X
φ

Y
Where ι and ι′ are the embedding maps.
Proof. Consider the diagram:
Z − P
ι′ ##●
●●
●●
●●
●●
ι // X
φ

π // Z
id

Y π
′
// Z
Where π and π′ are the projection maps. We have, by the definition of
φ, that the square commutes. Let x ∈ Z −P . So π ◦ ι(x) = π′ ◦φ ◦ ι(x). But
π ◦ ι(x) = x = π′ ◦ ι′(x), which implies that π′ ◦ ι′(x) = π′ ◦ φ ◦ ι(x). Since
π′|π′−1(Z−P ) is injective, we have that ι
′(x) = φ ◦ ι(x). Thus, the diagram
commutes.
Now we show that topologically quasiconvex relations and inverse limits
as described above are related.
Proposition 1.15. Let W be a Hausdorff compact space, ∼ an equivalence
relation on W , Z = W/∼ and Xp = W/∼p, where p ∈ Z and ∼p=∼W−{p}.
Let πp : Xp → Z be the quotient map and X = lim
←−
{Xp, πp}p∈Z. If ∀p ∈ Z,Xp
is Hausdorff, then X ∼= W .
Proof. Let π : W → Z and ∀p ∈ Z, ̟p : W → Xp be the quotient maps
and π′ : X → Z and ̟′p : X → Xp be the projection maps. We have
that π and the maps ̟p induct a continuous map f : W → X . Let
w,w′ ∈ W such that f(w) = f(w′). We have that ̟π(w)|π−1(π(w)) and
̟′π′(f(w))|π′−1(π′(f(w))) are homeomorphisms under their images, which implies
that f |π−1(π(w)) = (̟
′
π′(f(w))|π′−1(π′(f(w))))
−1 ◦ ̟π(w)|π−1(π(w)) is a bijection.
Since w,w′ ∈ π−1(π(w)), it follows that w = w′. So f is injective. Let
x ∈ X . We have that f |π−1(π′(x)) : π
−1(π′(x)) → π′−1(π′(x)) is a bijection.
Then there exists w ∈ π−1(π′(x)) such that f(w) = x. Thus f is a bijection
and then a homeomorphism, since W is compact and X is Hausdorff.
Corollary 1.16. Let W be a Hausdorff compact space, ∼ an equivalence
relation on W , Z = W/∼ and Xp = W/∼p, where p ∈ Z and ∼p=∼W−{p}.
Then ∼ is topologically quasiconvex if and only if ∀p ∈ Z, Xp is Hausdorff.

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1.2 Dense amalgam
In [23] S´wiatkowski proved the following:
Proposition 1.17. Let C1, ..., Cn be compact metrizable spaces. Then there
is a unique, up to homeomorphisms, metrizable space X and Y = Y1∪˙...∪˙Yn
a family of pairwise disjoint subsets of X satisfying the following:
1. ∀i ∈ {1, ..., n}, Yi is infinite countable and ∀C ∈ Yi, C is homeomor-
phic to Ci.
2. If U is the uniform structure compatible with the topology of X and
u ∈ U, then the set {C ∈ Y : C /∈ Small(u)} is finite.
3. ∀C ∈ Y, X − C is dense in X.
4. ∀i ∈ {1, ..., n},
⋃
Yi is dense in X.
5. Let x, y ∈ X such that there is no C ∈ Y such that x, y ∈ C. Then,
there is a clopen set F ⊆ X such that x ∈ F , y /∈ F and ∀C ∈ Y,
C ⊆ F or C ∩ F = ∅.
He call such space the dense amalgam of the spaces C1, ..., Cn.
On this subsection, consider K the Cantor set. Let X be the dense amal-
gam of C1, ..., Cn and consider the equivalence relation ∼= ∆X ∪
⋃
C∈Y C
2.
Let π : X → X/ ∼ be the quotient map. From the second condition we
have that π is topologically quasiconvex. From Lemma 2.A.1 of [23], X/∼ is
homeomorphic to K.
Lemma 1.18. ∀i ∈ {1, ..., n}, π(
⋃
Yi) is dense on X/∼.
Proof. Since π is continuous and surjective, X/∼= π(ClX(
⋃
Yi)) ⊆
ClX/∼(π(
⋃
Yi)), which implies that π(
⋃
Yi) is dense on X/∼ .
Let now X be a metrizable compact space and π : X → K a topologically
quasiconvex map such that there is P = P1∪˙...∪˙Pn, a subset of K, satisfying:
1. ∀i ∈ {1, ..., n}, Pi is countable and dense on K.
2. If p, q ∈ Pi, then π
−1(p) and π−1(q) are homeomorphic.
3. If p /∈ P , then #π−1(p) = 1.
4. ∀p ∈ P , X − π−1(p) is dense on X .
Lemma 1.19. X − π−1(P ) is dense on X.
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Proof. Let p ∈ P . We have that X − π−1(p) is open and dense on X .
Since X is a Baire space and P is countable, we have that X − π−1(P ) =⋂
p∈P X − π
−1(p) is dense on X .
Lemma 1.20. ∀i ∈ {1, .., n}, π−1(Pi) is dense on X.
Proof. Let U be an open set of X . Since X − π−1(P ) is dense on X , there
exists x ∈ U ∩ (X −π−1(P )). Since Pi is dense on K, there exists a sequence
{yn}n∈N ⊆ Pi that converges to π(x). Since π
−1(x) = {x}, we have, by
Proposition 1.3, that if {xn}n∈N is a sequence on X such that ∀n ∈ N,
xn ∈ π
−1(yn), then {xn}n∈N converges to x. But {xn}n∈N is a sequence
contained on π−1(Pi). Thus π
−1(Pi) is dense on X .
Summarising we get:
Proposition 1.21. Let X be a metrizable compact space. The space X is a
dense amalgam if and only if there is a map π : X → K that is topologically
quasiconvex and P = P1∪˙...∪˙Pn a countable subset of K such that ∀i ∈
{1, ..., n}, Pi is dense on K, ∀p ∈ K−P , #π
−1(p) = 1, ∀p ∈ P , X−π−1(p) is
dense on X and ∀p, q ∈ Pi, π
−1(p) and π−1(q) are homeomorphic. Moreover,
the family Y is given by Yi = {π
−1(p) : p ∈ Pi}. 
1.3 Group actions
Definition 1.22. Let ϕ : Gy X be an action by homeomorphisms. A point
p ∈ X is bounded parabolic if the action ϕ|Stabϕp×X−{p} : Stabϕpy X − {p}
is properly discontinuous and cocompact.
Proposition 1.23. (Lemma 1.9 of [4]) Let G be a group that acts by home-
omorphisms on two spaces Y and Z and f : Y → Z a proper continuous
surjective G-equivariant map. Then, G acts properly discontinuously on Y if
and only if G acts properly discontinuously on Z. Also, G acts cocompactly
on Y if and only if G acts cocompactly on Z.
Corollary 1.24. Let α : G y Y and ϕ : G y Z be actions by homeomor-
phisms and f : Y → Z a proper continuous and G-equivariant map. If p ∈ Z
is a bounded parabolic point, then the action of α|Stabϕp×(Y−f−1(p)) is properly
discontinuous and cocompact. 
Corollary 1.25. Let G be a group that acts by homeomorphisms on two
spaces Y and Z and f : Y → Z a proper continuous surjective G-equivariant
map. Let p ∈ Z such that #f−1(p) = 1. Then, p is bounded parabolic if and
only if f−1(p) is bounded parabolic. 
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Definition 1.26. Let G be a group, X a Hausdorff compact space and ϕ :
G y X an action by homeomorphisms. We say that ϕ has the convergence
property if for every wandering net Φ (i.e. a net such that two elements are
always distinct) has a subnet Φ′ such that there exists a, b ∈ X such that
Φ′|X−{b} converges uniformly to a. We say that Φ
′ is a collapsing net with
attracting point a and repelling point b.
Definition 1.27. Let ϕ : G y X be a convergence action and p ∈ X . We
say that p is a conical point if there is an infinite set K ⊆ G such that ∀q 6= p,
ClX({(ϕ(g, p), ϕ(g, q)) : g ∈ K}) ∩∆X = ∅.
Definition 1.28. Let G be a group, X a Hausdorff compact space and
ϕ : Gy X an action by homeomorphisms. We say that ϕ is hyperbolic if it
has the convergence property and the induced action on the space of distinct
triples of X is cocompact.
Proposition 1.29. (Bowditch, Lemma 1.4 of [4]) If X is metrizable and ϕ
is a minimal convergence action, then ϕ is hyperbolic if and only if every
point of X is conical.
Definition 1.30. Let G be a group, X a Hausdorff compact space and
ϕ : G y X an action by homeomorphisms. We say that ϕ is relatively
hyperbolic if it has the convergence property, its limit set is bigger than one
point and the induced action on the space of distinct pairs of X is cocompact.
If P is a representative set of conjugation classes of stabilizers of bounded
parabolic points ofX , then we say that ϕ is relatively hyperbolic with respect
to P.
Proposition 1.31. (Tukia, 1C of [24] - Gerasimov, Main Theorem of [13])
If X is metrizable and the action ϕ is a minimal convergence action, then ϕ
is relatively hyperbolic if and only if every point of X is conical or bounded
parabolic.
Definition 1.32. Let G be a group, S a finite set of generators of G and
a compact metrizable space X = G∪˙Y where G is discrete and open. An
action by homeomorphisms ϕ : G y X is geometric with respect to S if
ϕ|G×G is the left multiplication action and ∀u ∈ U, ∃K ⊆ G finite such that
every geodesic γ (segment, ray or line) on G relative to S (i.e. γ is the set of
points in G of a geodesic in Cay(G, S)) that do not intersect K is u-small,
where U is the unique uniform structure compatible with the topology of X .
We have that relatively hyperbolic actions of finitely generated groups are
geometric [14] and geometric actions have the convergence property (Propo-
sition 4.3.1 of [14]).
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1.4 Artin-Wraith glueings
Definition 1.33. Let X and Y be topological spaces and an application
f : Closed(X) → Closed(Y ) such that ∀A,B ∈ Closed(X), f(A ∪ B) =
f(A)∪f(B) and f(∅) = ∅ (we will say that such map is admissible). We will
give a topology for X∪˙Y . Let’s declare as a closed set A ⊆ X∪˙Y if A∩X ∈
Closed(X), A ∩ Y ∈ Closed(Y ) and f(A ∩X) ⊆ A. Therefore, let’s denote
by τf the set of the complements of this closed sets and X+f Y = (X∪˙Y, τf).
Definition 1.34. Let X +fY and Z +hW be topological spaces and contin-
uous maps ψ : X → Z and φ : Y →W . We define ψ+φ : X+f Y → Z+hW
by (ψ+φ)(x) = ψ(x) if x ∈ X and φ(x) if x ∈ Y . If G is a group, ψ : Gy X
and φ : Gy Y , then we define ψ+φ : Gy X+f Y by (ψ+φ)(g, x) = ψ(g, x)
if x ∈ X and φ(g, x) if x ∈ Y .
Proposition 1.35. (Proposition 4.2 of [22]) Let X +f Y and Z +h W be
topological spaces and ψ : X → Z and φ : Y → W continuous maps.
Then, ψ + φ : X +f Y → Z +h W is continuous if and only if ∀A ∈
Closed(Z), f(ψ−1(A)) ⊆ φ−1(h(A)). In another words, we have the dia-
gram:
Closed(X)
f // Closed(Y )
Closed(Z)
h //
ψ−1
OO
⊆
Closed(W )
φ−1
OO
Definition 1.36. Let X +f W , Y and Z be topological spaces and Π :
Closed(Y )→ Closed(X) and Σ : Closed(W )→ Closed(Z) admissible maps.
We define the admissible map fΣΠ : Closed(Y ) → Closed(Z) as fΣΠ =
Σ ◦ f ◦ Π.
Proposition 1.37. (Cube Lemma - Proposition 5.3 of [22]) Let Xi +fi Wi,
Yi and Zi be topological spaces, Πi : Closed(Yi) → Closed(Xi) and Σi :
Closed(Wi) → Closed(Zi) admissible maps. Take the respective induced
maps fiΣiΠi : Closed(Yi) → Closed(Zi). If µ+ ν : X1 +f1 W1 → X2 +f2 W2,
ψ : Y1 → Y2 and φ : Z1 → Z2 are continuous maps that form the diagrams:
Closed(X2)
µ−1 //
⊇
Closed(X1) Closed(W2)
ν−1 //
Σ2

⊇
Closed(W2)
Σ1

Closed(Y2)
ψ−1 //
Π2
OO
Closed(Y1)
Π1
OO
Closed(Z2)
φ−1 // Closed(Z1)
Then, ψ + φ : Y1 +f1Σ1Π1 Z1 → Y2 +f2Σ2Π2 Z2 is continuous.
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Definition 1.38. Let X +f W , Y and Z be topological spaces, π : Y → X
and ̟ : Z → W be two continuous maps. We define the pullback of f with
respect to π and ̟ by f ∗(A) = ̟−1(f(ClXπ(A))).
Proposition 1.39. (Corollary 2.5 of [21]) Let G1, G2 be groups, X +f W,Y
and Z topological spaces, α : G1 → G2 a homomorphism, π : Y → X and
̟ : Z → W continuous maps and f ∗ : Closed(Y )→ Closed(Z) the pullback
of f . Let µ+ ν : G2 y X +f W , ψ : G1 y Y and φ : G1 y Z be actions by
homeomorphisms such that π and ̟ are α - equivariant. Then, the action
ψ + φ : G1 y Y +f∗ Z is by homeomorphisms.
1.5 Attractor-sum functors
Definition 1.40. Let G be a group, X and Y Hausdorff topological spaces
with X locally compact and Y compact, L : G y G the left multiplication
action, ϕ : Gy X a properly discontinuous cocompact action, ψ : Gy Y an
action by homeomorphisms and K ⊆ X a compact such that ϕ(G,K) = X .
Define ΠK : Closed(X)→ Closed(G) as ΠK(S) = {g ∈ G : ϕ(g,K)∩S 6= ∅}
and ΛK : Closed(G)→ Closed(X) as ΛK(F ) = ϕ(F,K).
Definition 1.41. Let G be a group, X, Y Hausdorff spaces with X locally
compact and Y compact, ψ : G y Y by homeomorphisms and ϕ : G y X
properly discontinuous and cocompact. We say that a compact space of the
formX+fY is perspective if it is Hausdorff, ϕ+φ : Gy X+fY is continuous
and ∀u ∈ Uf , ∀K ⊆ X compact, #{g ∈ G : ϕ(g,K) /∈ Small(u)} < ℵ0,
where Uf is the only uniform structure of X +f Y .
We denote by T2EComp(ϕ) the category whose objects are Hausdorff
compact spaces of the form X +f Y , for some Hausdorff compact Y , with an
action by homeomorphisms of the form ϕ+ψ : Gy X+f Y , and morphisms
are continuous maps of the form id+ φ : X +f1 Y1 → X +f2 Y2, such that φ
is equivariant with respect to the actions of G on Y1 and Y2. We denote by
EPers(ϕ) the full subcategory of EComp(ϕ) whose objects are spaces with
the perspective property and EMPers(ϕ) the full subcategory of EPers(ϕ)
whose objects are metrizable spaces.
Proposition 1.42. (Proposition 3.10 of [21]) Let G1, G2 be groups, X1,
X2 Hausdorff locally compact spaces, Y1, Y2 Hausdorff compact spaces, ϕi :
Gi y Xi properly discontinuous cocompact actions, ψi : Gi y Yi actions by
homeomorphisms, α : G1 → G2 a homomorphism, µ : X1 → X2, ν : Y1 → Y2
continuous maps with µ α-equivariant, Ki ⊆ Xi compact subspaces such that
ϕi(G,Ki) = Xi and µ(K1) ⊆ K2 and ΠKi : Closed(Xi) → Closed(Gi). If
the application α + ν : G1 +∂1 Y1 → G2 +∂2 Y2 is continuous, then the map
µ+ ν : X1 +∂1ΠK1
Y1 → X2 +∂2ΠK2
Y2 is continuous.
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Proposition 1.43. (Theorem 3.2 of [21]) Let K ⊆ X be a fundamental
domain of ϕ. The functor Π : EPers(G) → EPers(ϕ) that sends G +∂ Y
to X +∂ΠK Y, L + ψ : G y G +∂ Y to ϕ + ψ : G y X +∂ΠK Y and
id + φ : G +∂1 Y1 → G +∂2 Y2 to id + φ : X +(∂1)ΠK Y1 → X +(∂2)ΠK Y2, is a
isomorphism of categories.
Furthermore, its inverse is the functor Λ : EPers(ϕ) → EPers(G) that
sends X +f Y to G+fΛK Y, ϕ+ ψ : Gy X +f Y to id+ ψ : Gy G+fΛK Y
and id+ φ : X +f1 Y1 → X +f2 Y2 to id+ φ : G+(f1)ΛK Y1 → G+(f2)ΛK Y2.
Since Π and Λ do not depend of the choice of the fundamental domain
(Propositions 3.18 and 3.20 of [21]), we denote ∂ΠK by ∂Π and fΛK by fΛ.
Corollary 1.44. (Corollary 3.5 of [21]) Let G be a countable group, X a
locally compact Hausdorff space with countable basis and ϕ : G y X prop-
erly discontinuous. Then, the functor Π maps EMPers(G) to EMPers(ϕ)
isomorphically.
Proposition 1.45. (Proposition 4.10 of [21]) Let ϕi + ψi : G y Xi +fi Yi,
for i = 1, 2, be actions by homeomorphisms on Hausdorff spaces and let
m + n : X1 +f1 Y1 → X2 +f2 Y2 be a continuous and surjective map with m
equivariant. If X1 +f1 Y1 is perspective, then X2 +f2 Y2 is perspective.
2 Parabolic blowup
2.1 Construction
Let G be a group, Z a compact Hausdorff space, ϕ : G y Z an action by
homeomorphisms, P ⊆ Z the set of bounded parabolic points of ϕ, P ′ ⊆ P
a representative set of orbits, C = {Cp}p∈P ′ a family of compact Hausdorff
spaces, H = {Hp}p∈P ′, with Hp ⊆ G minimal sets such that 1 ∈ Hp and
Orbϕ|Hp×Zp = Orbϕp and {Stabϕp +∂p Cp}p∈P ′ a family of spaces with the
equivariant perspective property with actions η = {ηp}p∈P ′, such that the
action Lp + ηp : Stabϕp y Stabϕp +∂p Cp is by homeomorphisms (where Lp
is the left multiplication action).
We define for p ∈ P ′ and q ∈ Orbϕp, Cq = Cp and define hp,q, for
q ∈ Orbϕp, the only element of Hp such that ϕ(hp,q, p) = q. Let p ∈ P
′ and
q ∈ Orbϕp. We have that Stabϕq = hp,q(Stabϕp)h
−1
p,q. In this case, let’s take
ηq : Stabϕq y Cq defined by ηq(h, ) = ηp(h
−1
p,qhhp,q(q), ).
Remark. Note that if q = p, the new definition of ηp coincides with the
original one, since hp,p = 1.
Proposition 2.1. ηq is an action by homeomorphisms.
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Proof. We have that ηq(h1h2, ) = ηp(h
−1
p,qh1h2hp,q, ) =
ηp(h
−1
p,qh1hp,qh
−1
p,qh2hp,q, ) = ηp(h
−1
p,qh1hp,q, ) ◦ ηp(h
−1
p,qh2hp,q, ) = ηq(h1, ) ◦
ηq(h2, ), which implies that ηq is a group action, which is by homeomor-
phisms because, by construction, it is equivalent to ηp.
Let’s take, for p ∈ P ′ and q ∈ Orbϕp, the compact Stabϕp+∂q Cq, where
∂q = (∂p)∗, is the pullback for τh−1p,q : Stabϕq → Stabϕp, the conjugation
map τh−1p,q(x) = h
−1
p,qxhp,q, and idCp . Denote by Lq, Rq : Stabϕq y Stabϕq,
respectively, the left and right multiplication actions.
Proposition 2.2. Lq + ηq : Stabϕq y Stabϕq +∂q Cq is an action by homeo-
morphisms.
Proof. We have that both diagrams commutes (∀h ∈ Stabϕq):
Stabϕq
Lq(h, )
//
τ
h
−1
p,q

Stabϕq
τ
h
−1
p,q

Cq
id

ηq(h, )
// Cq
id

Stabϕp
Lp(τ
h
−1
p,q
(h), )
// Stabϕp Cp
ηp(τ
h
−1
p,q
(h), )
// Cp
In a fact, on the first diagram both terms gives us h−1p,qhghp,q, ∀g ∈ Stabϕq.
So, by Proposition 1.39, we have that Lq+ηq is an action by homeomorphisms.
Proposition 2.3. Rq + id : Stabϕq y Stabϕq +∂q Cq is an action by home-
omorphisms.
Proof. We have that both diagrams commutes (∀h ∈ Stabϕq):
Stabϕq
Rq( ,h)
//
τ
h
−1
p,q

Stabϕq
τ
h
−1
p,q

Cq
id

id
// Cq
id

Stabϕp
Rp( ,τ
h
−1
p,q
(h))
// Stabϕp Cp
id // Cp
In a fact, on the first diagram both terms gives us h−1p,qghhp,q, ∀g ∈ Stabϕq.
So, by Proposition 1.39, we have that Rq + id is an action by homeomor-
phisms.
Proposition 2.4. The map τh−1p,q + id : Stabϕq +∂q Cq → Stabϕp+∂p Cp is a
homeomorphism.
Proof. This comes immediate from the pullback.
Proposition 2.5. Let g ∈ G such that ϕ(g, p) = q. Then, the application
τg + ηp(h
−1
p,qg, ) : Stabϕp+∂p Cp → Stabϕq +∂q Cq is a homeomorphism.
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Proof. Let h ∈ Stabϕp. We have that ghg
−1 = gh−1p,qhp,qhh
−1
p,qhp,qg
−1. Since
gh−1p,q, hp,qg
−1 ∈ Stabϕq, we have that τg = Rq( , hp,qg
−1) ◦ Lq(gh
−1
p,q, ) ◦
τhp,q . Since ηq(gh
−1
p,q, ) = ηp(h
−1
p,qgh
−1
p,qhp,q, ) = ηp(h
−1
p,qg, ), we have that
τg+ηp(h
−1
p,qg, ) = (Rq( , hp,qg
−1)+ id)◦(Lq(gh
−1
p,q, )+ηq(gh
−1
p,q, ))◦(τhp,q+ id),
which is a homeomorphism because each term is a homeomorphism.
Corollary 2.6. Let q ∈ Orbϕp and g ∈ G. Then τg + ηp(h
−1
p,ϕ(g,q)ghp,q, ) :
Stabϕq +∂q Cq → Stabϕϕ(g, q) +∂ϕ(g,q) Cϕ(g,q) is a homeomorphism.
Proof. We have that τg = τghp,q ◦ τh−1p,q with ϕ(ghp,q, p) = ϕ(g, q). We have
also that τg + ηp(h
−1
p,ϕ(g,q)ghp,q, ) = (τghp,q + ηp(h
−1
p,ϕ(g,q)ghp,q, )) ◦ (τh−1p,q + id)
which is a homeomorphism because each term is a homeomorphism.
Since P is the set of bounded parabolic points, we have that ∀p ∈ P ,
ϕ|Stabϕp×(Z−{p}) is proper and cocompact, so we are able to take the space
Xp = (Z − {p}) +(∂p)Π Cp and we have that ψp = ϕ|Stabϕp×(Z−{p}) + ηp :
Stabϕp y Xp is an action by homeomorphisms. We have also that the
quotient map πp : Xp → Z, such that πp|Z−{p} is the identity map and
πp(Cp) = p, is continuous and Stabϕp-equivariant with respect to ψp and ϕ,
respectively.
Let’s take, for p ∈ P ′, q ∈ Orbϕp and g ∈ G, ψq(g, ) : Xq → Xϕ(g,q) given
by ψq(g, ) = ϕ(g, )|Z−{q}+ηp(h
−1
p,ϕ(g,q)ghp,q, ), (since h
−1
p,ϕ(g,q)ghp,q ∈ Stabϕp).
Remark. Observe that, for g ∈ Stabϕq, this definition agrees with that one
on the paragraph above.
Proposition 2.7. ψq(g, ) is a homeomorphism.
Proof. We have that τg : Stabϕq → Stabϕϕ(g, q) such that τg(x) = gxg
−1 is
an isomorphism and the diagrams commutes (∀h ∈ Stabϕq):
Z − {q}
ϕ(h, )
//
ϕ(g, )

Z − {q}
ϕ(g, )

Z − {ϕ(g, q)}
ϕ(τg(h), )
// Z − {ϕ(g, q)}
So, the map ϕ(g, ) is τg-equivariant. Since τg + ηp(h
−1
p,ϕ(g,q)ghp,q, ) :
Stabϕq → Stabϕϕ(g, q) is continuous, we have, by Proposition 1.42, that
ψq(g, ) is continuous. Since ψq(g, )
−1 = ψϕ(g,q)(g
−1, ), we have that it is
continuous as well. Thus, ψq(g, ) is a homeomorphism.
Proposition 2.8. ∀p ∈ P ′, q ∈ Orbϕp and g, h ∈ G,ψq(gh, ) = ψϕ(h,q)(g, )◦
ψq(h, ).
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Proof. We have that
ψq(gh, )|Z−{q} = ϕ(gh, ) = ϕ(g, )◦ϕ(h, ) = ψϕ(h,q)(g, )|Z−{ϕ(h,q)}◦ψq(h, )|Z−{q}
And
ψq(gh, )|Cq = ηp(h
−1
p,ϕ(gh,q)ghhp,q, ) = ηp(h
−1
p,ϕ(gh,q)ghp,ϕ(h,p)h
−1
p,ϕ(h,p)hhp,q, ) =
= ηp(h
−1
p,ϕ(gh,q)ghp,ϕ(h,p), )◦ηp(h
−1
p,ϕ(h,p)hhp,q, ) = ψϕ(h,q)(g, )|Cϕ(h,q) ◦ψq(h, )|Cq
So ψp(gh, ) = ψϕ(h,q)(g, ) ◦ ψq(h, ).
And we have also that the diagram commutes:
Xp
πp

ψp(g, )
// Xϕ(g,p)
πϕ(g,p)

Z
ϕ(g, ) // Z
The induced map ψ(g, ) :
∏
p∈P
Xp →
∏
p∈P
Xp is continuous and, since
ψp(gh, ) = ψϕ(h,p)(g, ) ◦ ψp(h, ), it follows that ψ(gh, ) = ψ(g, ) ◦ ψ(h, ).
Thus, ψ is a group action of the group G. Since every map ψp commutes
the diagram above, we have that the subspace X = lim
←−
({Xp}p∈P , {πp}p∈P )
is G-invariant.
Let’s take ̟p : X → Xp the projection map and π = πp ◦̟p (it doesn’t
matter for which choice of the point p, because of the fiber product’s defi-
nition). We call ψ restrict to X by ϕ ⋉ η and, agreeing with the notation,
we call X by Z ⋉ C. The pair (Z ⋉ C, ϕ ⋉ η) is called parabolic blowup of
(Z, ϕ) by (C, η). This construction depends on the minimal family {Hp}p∈P ′
but this dependence will be omitted through the text.
2.2 Functoriality
Proposition 2.9. Let {C ′p}p∈P ′ be another family of Hausdorff compact
topological spaces, η′ = {η′p}p∈P ′ a family of actions by homeomorphisms
η′p : Stabϕpy C
′
p and C
′ = {Stabϕp+∂′p C
′
p}p∈P ′ a family of equivariant per-
spective compactifications of the groups Stabϕp such that the actions Lp + η
′
p
are by homeomorphisms. Consider also φ = {φp}p∈P ′ a family of continuous
maps φp : Cp → C
′
p that are equivariant with respect to ηp and η
′
p, respec-
tively, such that id+φp : Stabϕp+∂pCp → G+∂′pC
′
p are continuous. Then the
maps id + φp : (Z − {p}) +(∂p)Π Cp → (Z − {p}) +(∂′p)Π C
′
p induce the unique
map ϕ⋉ φ : Z ⋉ C → Z ⋉ C′ that is continuous and equivariant with respect
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to ϕ⋉ η and ϕ⋉ η′, respectively, such that the following diagram commutes
(∀p ∈ P ′):
Z ⋉ C
̟p

ϕ⋉φ
// Z ⋉ C′
̟′p

Xp id+φp
// X ′p
Proof. Let p ∈ P ′ and q ∈ Orbϕp. Let X
′
q = (Z − {q})+(∂′q)Π C
′
q and φq :
Cq → C
′
q given by φq = φp. The map id+φq : Stabϕq+∂q Cq → Stabϕq+∂′q C
′
q
is continuous, since id+φq = (τhp,q+id) ◦ (id+φp) ◦ (τh−1p,q+id) and all of the
terms are continuous. We have that idStabϕq is Lq-equivariant and id+φq is
continuous, which implies that id+φq : (Z−{q})+(∂q)ΠCq → (Z−{q})+(∂′q)ΠC
′
q
is continuous as well. By the definition of the maps, the diagram always
commutes:
Xq
πq

id+φq
//X ′q
π′q

Z id // Z
Where πq and π
′
q are the quotient maps. So they induce a continuous
map ϕ⋉ φ : Z ⋉ C → Z ⋉ C′ that commutes the diagrams:
Z ⋉ C
̟q

ϕ⋉φ
// Z ⋉ C′
̟′q

Xq id+φq
// X ′q
Where ̟q and ̟
′
q are the projection maps. Let’s consider the following
diagram:
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Z ⋉ C
̟q

ϕ⋉φ
//
ϕ⋉η(g, ) %%❏❏
❏❏
❏❏
❏❏
❏❏
1
Z ⋉ C′
̟′q

ϕ⋉η′(g, )
%%❑❑
❑❑
❑❑
❑❑
❑❑
Z ⋉ C
̟ϕ(g,q)

ϕ⋉φ
// Z ⋉ C′
̟′
ϕ(g,q)

Xq
πq

id+φq
//
ψq(g, ) $$❍
❍❍
❍❍
❍❍
❍❍
❍
2
X ′q
π′q

ψ′q(g, )
$$■
■■
■■
■■
■■
■
Xϕ(g,q)
πϕ(g,q)

id+φϕ(g,q)
// X ′ϕ(g,q)
π′
ϕ(g,q)

Z
id //
ϕ(g, )
%%❑❑
❑❑
❑❑
❑❑
❑❑
❑❑
3
Z
ϕ(g, )
%%▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
Z id // Z
Where ψ′q(g, ) = ϕ(g, )|Z−{q} + η
′
p(h
−1
p,ϕ(g,q)ghp,q). All squares commute,
except, a priori, the squares 1 and 2. We have that (id+φϕ(g,q))◦ψq(g, )|Z−{q} =
ϕ(g, )|Z−{q} = ψ
′
q(g, )◦(id+φq)|Z−{q} and (id+φϕ(g,q))◦ψq(g, )|Cq = φϕ(g,q)◦
ηp(h
−1
p,ϕ(g,q)ghp,q, ) = η
′
p(h
−1
p,ϕ(g,q)ghp,q, ) ◦ φϕ(g,q) = η
′
p(h
−1
p,ϕ(g,q)ghp,q, ) ◦ φq =
ψ′q(g, ) ◦ (id + φq)|Cq , since φp is equivariant with respect to ηp and η
′
p and
φp = φq = φϕ(g,q). So square number 2 commutes. We have that ϕ⋉ η(g, )
is induced by the maps ψq(g, ) and ϕ(g, ), ∀q ∈ P and ϕ ⋉ φ is induced
by the maps idZ−{q} + φq and idZ , ∀q ∈ P . Because the square number 2
commutes and by the functoriality of the induced maps of the inverse limit,
it follows that the square number 1 commutes.
Thus, ϕ⋉ φ is equivariant with respect to ϕ⋉ η and ϕ⋉ η′, respectively.
Let’s suppose that there exists another equivariant and continuous map
χ : Z ⋉ C → Z ⋉ C′ that is continuous and equivariant with respect to ϕ⋉ η
and ϕ⋉η′, respectively, such that commutes the following diagram (∀p ∈ P ′):
Z ⋉ C
̟p

χ
// Z ⋉ C′
̟′p

Xp id+φp
//X ′p
Let q ∈ Orbϕp and g ∈ G such that ϕ(g, p) = q. We have that the
following diagram commutes:
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Z ⋉ C
̟q

ϕ⋉η(g−1, )
// Z ⋉ C
̟p

χ
// Z ⋉ C′
̟′p

ϕ⋉η′(g, )
// Z ⋉ C′
̟′q

Xq
ψq(g−1, )
// Xp id+φp
// X ′p ψ′q(g, )
// X ′q
Since χ is equivariant, we have that ϕ⋉η′(g, )◦χ◦ϕ⋉η(g−1, ) = χ. We
have also that ψ′q(g, )◦(id+φp)◦ψq(g
−1, )|Z−{q} = ϕ(g, )◦ϕ(g
−1, )|Z−{q} =
idZ−{q} and ψ
′
q(g, )◦(id+φp)◦ψq(g
−1, )|Cq = η
′
p(h
−1
p,qg, )◦φp◦ηp(g
−1hp,q, ) =
φp = φq, since φp is equivariant and φp = φq. So ψ
′
q(g, ) ◦ (id + φp) ◦
ψq(g
−1, ) = id+ φq. Then the diagram commutes ∀q ∈ P :
Z ⋉ C
̟q

χ
// Z ⋉ C′
̟′q

Xq id+φq
// X ′q
By the universal property of the pullback, we have that χ = ϕ⋉ φ.
Definition 2.10. Let G be a group. Let’s denote by Act(G) the category
where the objects are actions by homeomorphisms ofG on Hausdorff compact
topological spaces and the morphisms are equivariant continuous maps. Let
MAct(G) be the full subcategory of Act(G) such that the objects are actions
on metrizable spaces.
Proposition 2.11. Let G be a group, Z a Hausdorff compact space, ϕ :
Gy Z an action by homeomorphisms, P the set of bounded parabolic points
of ϕ, P ′ ⊆ P a representative set of orbits and H = {Hp}p∈P ′ a family
of minimal subsets of G such that Orbϕ|Hp×Zp = Orbϕp. Then the map
ϕ⋉ :
∏
p∈P ′ EPers(Stabϕp)→ Act(G) such that ϕ⋉(η˘) = ϕ⋉η and ϕ⋉(φ) =
ϕ⋉ φ, where η˘ = {Stabϕp +∂p Cp}p∈P ′ is a family of equivariant perspective
compactifications with respective actions η = {ηp}p∈P ′ and φ is a family of
equivariant and continuous maps, is a functor. 
Let’s denote ϕ⋉ the parabolic blowup functor of ϕ.
Proposition 2.12. If P is countable and Z is metrizable, then the functor
ϕ⋉ restricts itself to the functor (which we are maintaining the same name)
ϕ⋉ :
∏
p∈P ′ EMPers(Stabϕp)→MAct(G).
Proof. We have that Xp is Hausdorff and, because Z − {p} and Cp have
both countable basis, Xp is metrizable by Proposition 1.1. This implies
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that
∏
p∈P Xp is metrizable, since P is countable. Since X is a subspace of∏
p∈P Xp, it follows that X is metrizable.
Now we are going to show that the parabolic blowup do not depend of
the choice of the family H :
Proposition 2.13. Let ϕ⋉′ be induced by the map ϕ, by P ′ and by the min-
imal family H ′ = {H ′p}p∈P ′. So, there exists a natural isomorphism between
ϕ⋉ and ϕ⋉′.
Proof. Let X = Z ⋉ C and X ′ = Z ⋉′ C for the same family of compactifica-
tions η˘ and respective actions η but minimal families H and H ′, respectively.
We have, for p ∈ P ′ and q ∈ Orbϕp, that ϕ(g, ) + ηp(ghp,q, ) : Xq → Xp,
id : Xp → X
′
p and ϕ(g
−1, ) + ηp(h
′−1
p,q g
−1, ) : X ′p → X
′
q are continuous,
where g ∈ G is such that ϕ(g, q) = p and X ′q is constructed from the family
H ′. Let’s take Tηq : Xq → X
′
q defined by idZ−{q} + ηp(h
′−1
p,q hp,q, ) (observe
that h′−1p,q hp,q ∈ Stabϕp). We have that Tηq = (ϕ(g
−1, ) + ηp(h
′−1
p,q g
−1, )) ◦
(ϕ(g, ) + ηp(ghp,q, )), which implies that it is continuous and therefore a
homeomorphism.
We have that, ∀q ∈ P , the diagram commutes:
Xq
πq

Tηq
// X ′q
π′q

Z
id
// Z
This implies that the family of maps {Tηq}q∈P induces a homeomorphism
Tη : X → X
′. And it follows that Tη is G - equivariant, because ∀g ∈ G, the
diagrams commute:
Z − {q}
id

ϕ(g,q)
// Z − {ϕ(g, q)}
id

Cq
ηp(h
′−1
p,q hp,q, )

ηp(h
−1
p,ϕ(g,q)
ghp,q, )
// Cϕ(g,q)
ηp(h
′−1
p,ϕ(g,q)
hp,ϕ(g,q), )

Z − {q}
ϕ(g,q)
// Z − {ϕ(g, q)} Cq
ηp(h
′−1
p,ϕ(g,q)
gh′p,q, )
// Cϕ(g,q)
So Tη is an isomorphism between ϕ ⋉ η and ϕ ⋉
′ η. Take the family of
maps T = {Tη}η : ϕ⋉ ⇒ ϕ⋉
′. Let’s take Y = Z × D and Y ′ = Z ×′ D,
for a family of spaces {Dp}p∈P ′ and a family of actions µ = {µp}p∈P ′ with a
equivariant perspective family of compact spaces D = {Stabϕp +δp Dp}p∈P ′
and constructed from minimal families H and H ′, respectively. Let φ =
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{φp}p∈P ′ : η → µ be a morphism. We have that, ∀p ∈ P
′ and q ∈ Orbϕp, the
diagrams commute (because φq is equivariant with respect to ηq and µq):
Z − {q}
id

id
// Z − {q}
id

Cq
Tηq

φq // Dq
Tµq

Z − {q}
id
// Z − {q} Cq φq
// Dq
Remember that φq is defined equal to φp in Proposition 2.9. This
implies that the diagram commutes:
X
Tη

ϕ⋉φ
// Y
Tµ

X ′
ϕ⋉′φ
// Y ′
Thus, T is a natural transformation. Since, ∀η, Tη is a isomorphism, it
follows that T is a natural isomorphism.
2.3 A perspectivity for the parabolic blowup
Our goal here is, given Z = G+∂ Y ∈ EPers(G), to figure that the parabolic
blowup is also perspective.
Let G be a group, G +∂ Y ∈ EPers(G) a compact Hausdorff space,
L+ϕ : Gy G+∂Y an action by homeomorphisms, P ⊆ Y the set of bounded
parabolic points of L+ϕ, P ′ ⊆ P a representative set of orbits, C = {Cp}p∈P ′
a family of compact Hausdorff spaces, H = {Hp}p∈P ′, with Hp ⊆ G minimal
sets such that 1 ∈ Hp and Orbϕ|Hp×Zp = Orbϕp and {Stabϕp +∂p Cp}p∈P ′ a
family of spaces with the equivariant perspective property with actions η =
{ηp}p∈P ′, such that Lp+ηp : Stabϕpy Stabϕp+∂pCp is by homeomorphisms.
Remark. The set of bounded parabolic points of L + ϕ is a subset of the
set of bounded parabolic points of ϕ. We show that in some cases those sets
coincide (Proposition 3.8).
Proposition 2.14. The map ι : G→ (G+∂ Y )⋉C, induced by the inclusion
maps of ι′ : G → G +∂ Y and ιp : G → Xp, is an embedding, Im ι is open
and ι is equivariant with respect to L and (L+ ϕ)⋉ η.
Proof. It follows by Proposition 1.10 that ι is an embedding.
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We have that G is open in G +∂ Y , which implies that π
−1(G) is open
in (G +∂ Y )⋉ C (where π is the projection). Since π
−1(G) = ι(G), because
π ◦ ι = ι′ and π|π−1(G) is injective, we have that ι(G) is open in (G+∂ Y )⋉C.
Let’s consider the diagram (for g ∈ G):
G
ι′ ##●
●●
●●
●●
●●
ι //
L(g, )

(G+∂ Y )⋉ C
π
ww♦♦♦
♦♦♦
♦♦♦
♦♦
(L+ϕ)⋉η(g, )

G +∂ Y
L+ϕ(g, )

G
ι //
ι′
##●
●●
●●
●●
●●
(G+∂ Y )⋉ C
π
ww♦♦♦
♦♦♦
♦♦♦
♦♦
G +∂ Y
Since ι′ and π are equivariant, we have that both parallelograms commute.
Since π|π−1(G) = π|π−1(ι′(G)) is injective, we have that the rectangle commutes.
Thus, ι is equivariant.
So (G+∂ Y )⋉ C can be identified with an object in T2EComp(G).
Proposition 2.15. Let’s take a family of spaces D = {Dp}p∈P ′, a family of
actions µ = {µp}p∈P ′ with a family of compact spaces µˇ = {Stabϕp+δpDp}p∈P ′
with the equivariant perspective property and Y = (G +∂ Y ) ⋉ D. Let φ =
{φp}p∈P ′ : ηˇ → µˇ be a morphism. Then the diagram commutes:
G
ι2 %%▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
ι1 // (G+∂ Y )⋉ C
(L+ϕ)⋉φ

(G+∂ Y )⋉D
Where ι1 and ι2 are the inclusion maps.
Proof. Proposition 1.14.
So every morphism of the form (L+ϕ)⋉φ can be seen as the identity onG,
which implies that it is a morphism in T2EComp(G). Thus, our parabolic
blowup functor induces a new functor (ϕ, ∂)⋉ :
∏
p∈P ′ EPers(Stabϕp) →
T2EComp(G) that commutes the diagram:
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Act(G)
∏
p∈P˜ ′
EPers(Stabϕp)
(ϕ,∂)⋉ //
(L+ϕ)⋉
66❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧
T2EComp(G)
Γ
OO
Where Γ : T2EComp(G)→ Act(G) is the forgetful functor.
Proposition 2.16. If G+∂ Y ∈ EPers, then (G+∂ Y )⋉ C ∈ EPers(G).
Proof. We already have that (G+∂ Y )⋉ C is Hausdorff.
Since G +∂ Y has the perspectivity property, we have that the action
R + id : G y G +∂ Y is by homeomorphisms. We have also that ∀p ∈ P ,
R + id : Stabϕpy Stabϕp+∂p Cp is by homeomorphisms.
Let g ∈ G. We have that ∀p ∈ P , Rp( , g) = (R( , g) + id)|(G+∂Y )−{p}
is continuous and (L + ϕ)-equivariant (since L and R commute). So, by
Proposition 1.42, Rp( , g) + id : Xp → Xp is continuous, where Xp =
(G+∂ Y )− {p}) +(∂p)Π Cp, and commute the diagram:
Xp
Rp( ,g)+id
//
πp

Xp
πp

G+∂ Y
R( ,g)+id
// G+∂ Y
So the maps R( , g)+ id and {Rp( , g)+ id}p∈P induce a homeomorphism
R˜g : (G+∂ Y )⋉ C → (G+∂ Y )⋉ C that commutes the diagrams:
(G+∂ Y )⋉ C
R˜g
//
̟p

(G+∂ Y )⋉ C
̟p

(G+∂ Y )⋉ C
R˜g
//
π

(G+∂ Y )⋉ C
π

Xp
Rp( ,g)+id
// Xp G +∂ Y
R( ,g)+id
// G+∂ Y
Since R( , g) + id is bijective and the second diagram commute, we can
decompose R˜g = α + β : π
−1(G) +f π
−1(Y ) → π−1(G) +f π
−1(Y ), with the
appropriate f . To say that α corresponds to the right multiplication for g
in the copy of G in (G +∂ Y ) ⋉ C is to say that the upper trapezium of the
diagram below commutes.
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G
R( ,g) //
ι
''PP
PPP
PPP
PPP
PP
ι′

G
ιww♥♥♥
♥♥♥
♥♥♥
♥♥♥
♥
ι′

(G+∂ Y )⋉ C
R˜g
//
π
ww♦♦♦
♦♦♦
♦♦♦
♦♦
(G+∂ Y )⋉ C
π
''❖❖
❖❖❖
❖❖❖
❖❖❖
G+∂ Y
R( ,g)+id
// G +∂ Y
The triangles, the other trapezium and the outside rectangle are commu-
tative. So π ◦ ι ◦ R( , g) = ι′ ◦ R( , g) = (R( , g) + id) ◦ ι′ = (R( , g) + id) ◦
π ◦ ι = π ◦ R˜g ◦ ι. Since π|π−1(G) is injective, π ◦ ι ◦ R( , g)(G) ⊆ ι
′(G) and
π ◦ R˜g ◦ ι(G) ⊆ ι
′(G), it follows that ι ◦ R( , g) = R˜g ◦ ι. So α is the right
multiplication by the element g.
Let’s take x ∈ π−1(Y ). If π(x) /∈ P , then #π−1(π(x)) = 1 and π◦R˜g(x) =
π(x), which implies that R˜g(x) = x. If π(x) = p ∈ P , then #̟
−1
p (̟p(x)) = 1
and ̟p ◦ R˜g(x) = ̟p(x), which implies that R˜g(x) = x. So β = id.
So R˜g is the right multiplication map of g when restricted to π
−1(G)
and the identity map everywhere else. Then, there is an action by home-
omorphisms R˜ : G y (G +∂ Y ) ⋉ C (defining R˜( , g) = R˜g) which is the
right multiplication in π−1(G) and the trivial action everywhere else. Thus,
(G+∂ Y )⋉ C has the perspectivity property.
So we have that if G+∂Y has the equivariant perspectivity property, then
our new functor restricts to (ϕ, ∂)⋉ :
∏
p∈P ′ EPers(Stabϕp)→ EPers(G).
Proposition 2.17. If G is dense in G +∂ Y and, ∀p ∈ P
′, Stabϕp is dense
in Stabϕp+∂p Cp, then ι(G) is dense in (G+∂ Y )⋉ C.
Proof. Let x ∈ (G+∂ Y )⋉ C − ι(G).
Let’s suppose that π(x) ∈ Y − P . Then there exists a net {gγ}γ∈Γ in G
that converges to π(x). Since #π−1(π(x)) = 1, take a net {xγ}γ∈Γ ⊆ X such
that ∀γ ∈ Γ, π(xγ) = gγ. We have that this net is contained in ι(G) and
converges to x. So x is in the closure of ι(G).
Let’s suppose that π(x) = p ∈ P . Then there exists a net {gγ}γ∈Γ
in Stabϕp that converges to ̟p(x). Since #̟
−1
p (̟p(x)) = 1, take a net
{xγ}γ∈Γ ⊆ X such that ∀γ ∈ Γ, ̟p(xγ) = gγ. We have that this net is
contained in ι(G) and converges to x. So x is in the closure of ι(G).
Thus ι(G) is dense in (G+∂ Y )⋉ C.
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2.4 Dynamic quasiconvexity
Definition 2.18. Let G +∂ Y ∈ EPers(G) and H < G. We say that H
is dynamically quasiconvex if ∀u ∈ U∂ , #{gH : ∂(gH) /∈ Small(u)} < ℵ0,
where U∂ is the uniform structure compatible with the topology of G+∂ Y .
Remark. If the left action of G on Y has the convergence property, then
this definition coincides with the usual one (i.e. ∀u ∈ U∂, #{gH : ΛgH /∈
Small(u)} < ℵ0.
Proposition 2.19. Let G +∂ Y ∈ EPers(G), U∂ the uniform structure
compatible with the topology of G +∂ Y and H < G. We denote by ∼=
∆2(G+∂ Y )∪
⋃
g∈G ∂(gH)
2. Suppose that ∀g1, g2 ∈ G, ∂(g1H)∩ ∂(g2H) = ∅
or ∂(g1H) = ∂(g2H). If H is dynamically quasiconvex, then ∼ is topologi-
cally quasiconvex. If ∀g /∈ H, ∂(gH) 6= ∂(H), then the converse holds.
Proof. (⇒) Let u ∈ U∂. We define fu : {gH : ∂(gH) /∈ Small(u)} →
{∂(gH) : ∂(gH) /∈ Small(u)} by fu(gH) = ∂(gH). By construction this
map is surjective. If H is dynamically quasiconvex, then ∀u ∈ U∂, #{gH :
∂(gH) /∈ Small(u)} < ℵ0, which implies that ∀u ∈ U∂ , #{∂(gH) : ∂(gH) /∈
Small(u)} < ℵ0. Thus, ∼ is topologically quasiconvex.
(⇐) Let g, g′ ∈ G such that ∂(gH) = ∂(g′H). Then ∂(g−1g′H) =
g−1∂(g′H) = g−1∂(gH) = ∂(g−1gH) = ∂(H). Since ∀g /∈ H , ∂(gH) 6= ∂(H),
we have that g−1g′ ∈ H and then g′H = gH . So fu is injective, which implies
that it is bijective. Thus, ∀u ∈ U∂, #{gH : ∂(gH) /∈ Small(u)} = #{∂(gH) :
∂(gH) /∈ Small(u)}, which implies that ∼ topologically quasiconvex implies
H dynamically quasiconvex.
Corollary 2.20. Let G+∂ Y ∈ EPers(G) and H a dynamically quasiconvex
subgroup of G such that ∀g1 6= g2 ∈ G, ∂(g1H) ∩ ∂(g2H) = ∅ or ∂(g1H) =
∂(g2H). If A ⊆ {gH : g ∈ G} and ∼A= ∆
2X ∪
⋃
gH∈A
∂(gH)2, then X/ ∼A is
Hausdorff.
Proof. Immediate from Proposition 1.7.
Lemma 2.21. Let G+∂Y be a Hausdorff compact space and ψ : Gy G+∂Y
an action by homeomorphisms that restricted to G is the left multiplication
action. If p ∈ Y is a bounded parabolic point, then ∂(Stabψp) = {p}.
Proof. Let U be an open neighbourhood of p and K = G+∂ Y −U . We have
that K is compact. Since ψ|Stabψp×(G+∂Y−{p}) is properly discontinuous, the
set {g ∈ Stabψp : ψ(g, {1})∩K 6= ∅} = {g ∈ Stabψp : g ∈ K} is finite, which
implies that there exist gU ∈ Stabψp ∩ U . Thus, {gU}U is a net contained in
Stabψp that converges to p, which implies that p ∈ ∂(Stabψp).
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Let’s suppose that there exists q ∈ ∂(Stabψp)− {p}. There exists U and
V disjoint open sets such that p ∈ U and q ∈ V . Let K = G+∂ Y − U . We
have that K is compact and V ⊆ K. Since q is in the closure of Stabψp, there
exists a net {gγ}γ∈Γ contained in Stabψp that converges to q. So there exists
γ0 ∈ Γ such that ∀γ > γ0, gγ ∈ V , which implies that the set {gγ}γ∈Γ ∩ V is
infinite. But {gγ}γ∈Γ ∩ V ⊆ {g ∈ Stabψp : ψ(g, {1}) ∩K 6= ∅} that must be
finite because p is bounded parabolic. Absurd. Thus, ∂(Stabψp) = {p}.
Proposition 2.22. Let G be a group, G+∂Y ∈ EPers(G), L+ϕ : Gy G+∂Y
an action by homeomorphisms, P ⊆ Y the set of bounded parabolic points
of L + ϕ, P ′ ⊆ P a representative set of orbits, C = {Cp}p∈P ′ a family of
compact Hausdorff spaces and {Stabϕp +∂p Cp}p∈P ′ a family of spaces with
the equivariant perspective property with actions η = {ηp}p∈P ′, such that
Lp + ηp : Stabϕp y Stabϕp +∂p Cp is by homeomorphisms. If p ∈ P , then
Stabϕp is dynamically quasiconvex with respect to ϕ⋉ η.
Proof. Let (G +∂ Y ) ⋉ C = G +δ W , for appropriate choices of W and δ.
Let id + π : G +δ W → G +∂ Y be the projection map. We have that the
relation ∼= ∆2X ∪
⋃
p∈P
π−1(p)2 is topologically quasiconvex (Proposition
1.13), which implies that p ∈ P , ∼p= ∆
2X ∪
⋃
q∈Orbϕp
π−1(q)2 is topologically
quasiconvex. Since id + π is continuous, we have that ∀q ∈ P , δ(Stabϕq) ⊆
π−1(∂(Stabϕq)) = π
−1(q). By Proposition 1.8 ∀p ∈ P , the relation ∼′p=
∆2X ∪
⋃
q∈Orbϕp
δ(Stabϕq)
2 is topologically quasiconvex. But, by the construc-
tion of ϕ ⋉ η, we have that if g /∈ Stabϕp, then ϕ ⋉ η(g, δ(Stabϕp)) =
δ(gStabϕp) = δ(g(Stabϕp)g
−1) = δ(Stabϕϕ(g, p)) and δ(Stabϕϕ(g, p)) =
δ(Stabϕp) if g ∈ Stabϕp and δ(Stabϕϕ(g, p)) ∩ δ(Stabϕp) = ∅ otherwise.
Thus, by Proposition 2.19, Stabϕp is dynamically quasiconvex.
2.5 Surjective maps
Proposition 2.23. Let ϕi : G y Xi, with i = {1, 2}, be properly discon-
tinuous cocompact actions, Xi +∂i Y ∈ T2EComp(ϕi), and an equivariant
continuous map π + id : X1 +∂1 Y → X2 +∂2 Y . If X2 +∂2 Y ∈ EPers(ϕ2),
then X1 +∂1 Y ∈ EPers(ϕ1).
Proof. Let u be an element of U∂1 and K be a compact subset of X1 such
that the set {g ∈ G : ϕ1(g,K) /∈ Small(u)} is infinite. So there exists a net
{(ϕ1(gi, ki,1), ϕ1(gi, ki,2)}i∈Γ, with {ki,j}i,j ⊆ K and (ϕ1(gi, ki,1), ϕ1(gi, ki,2)) /∈
u, that converges to a point (x, y) ∈ Y ×Y −∆Y . Since π+ id is continuous,
the net {(π(ϕ1(gi, ki,1)), π(ϕ1(gi, ki,2))}i∈Γ = {(ϕ2(gi, π(ki,1)), ϕ2(gi, π(ki,2))}i∈Γ
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converges to (x, y). But π(ki,j) ∈ π(K) and ∀v ∈ U∂2 , the set {g ∈ G :
ϕ2(g, π(K)) /∈ Small(v)} is finite. So ∀v ∈ U∂2 , there exists i0 ∈ Γ : ∀i > i0,
(ϕ2(gi, π(ki,1), ϕ1(gi, π(ki,2))) ∈ v, which implies that x = y, absurd. Thus
{g ∈ G : ϕ1(g,K) /∈ Small(u)} is finite.
Theorem 2.24. Let X,Z be Hausdorff compact spaces, ψ : G y X and
ϕ : G y Z actions by homeomorphisms, P the set of bounded parabolic
points of Z and a continuous surjective equivariant map π : X → Z such
that ∀x ∈ Z − P , #π−1(x) = 1. For p ∈ P , take X = Wp +δp π
−1(p),
where Wp = X − π
−1(p) and δp is the only admissible map that gives the
original topology. Let also decompose ψ|Stabϕp×X as ψ
1
p + ψ
2
p, with respect to
the decomposition of the space. Those are equivalents:
1. The map π is topologically quasiconvex and ∀p ∈ P , X ∈ EPers(ψ1p).
2. There exists an equivariant homeomorphism T to a parabolic blowup
Z ⋉ C that commutes the diagram:
X
π
##❋
❋❋
❋❋
❋❋
❋❋
T

Z ⋉ C
π′
// Z
Where π′ is the projection map.
Remark. On the case where X = G+δ W , Z = G +δ Y and π|G = idG, we
have that this hypothesis of perspectivity is stronger then just asking that
∀p ∈ P , Stabϕp+ δ(Stabϕp) ∈ EPers(Stabϕp).
Proof. (⇐) Immediate from the last proposition and Corollary 1.16.
(⇒) Let P ′ ⊆ P be a representative set of orbits. Let, for p ∈ P , ∼p=
∆2(X)∪
⋃
q 6=p π
−1(q) and Xp = X/∼p. Since ∼p is topologically quasiconvex,
we have that Xp is Hausdorff. If πp : Xp → Z is the quotient map, then
X ∼= lim{Xp, πp}p∈P . We have that Xp = Vp +∂p π
−1
p (p), where Vp is just
Xp − π
−1
p (p) and ∂p gives the original topology of Xp.
Let C = {π−1p (p)}p∈P ′ and p ∈ P
′. Since p is a bounded parabolic
point, Stabϕp acts properly discontinuously and cocompactly on Wp and
on Vp (Proposition 1.24). We have also that the induced action of Stabϕp
on Vp +∂p π
−1
p (p) has the perspective property (Proposition 1.45). Take
{Stabϕp+∂pΛπ
−1
p (p)}p∈P ′ (where Λ is fromDefinition 1.40). This is a family
of spaces with the perspective property and we take Z ⋉ C. We have on this
case that Z⋉C = lim{Yp, π
′
p}p∈P , where Yp = Vp+∂pΛΠπ
−1
p (p) and π
′
p : Yp → Z
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is the quotient map. But Yp = Vp+∂pΛΠ π
−1
p (p) = Vp+∂p π
−1
p (p) = Xp (by the
perspectivity property) and π′p = πp, which implies that Z ⋉ C
∼= X and the
homeomorphism is compatible with π and π′.
If π satisfies the conditions of the theorem, then we call it a blowup map.
Corollary 2.25. Let G+δW,G+∂Y ∈ T2EComp(G), with respective actions
L + ψ and L + ϕ, P the set of bounded parabolic points of L + ϕ and a
continuous surjective equivariant map id + α : G +δ W → G +∂ Y that is
topologically quasiconvex and ∀x ∈ Y − P , #α−1(x) = 1. For p ∈ P , take
G +δ W = Wp +δp π
−1(p), where Wp = G +δ W − π
−1(p) and δp is the
only map that gives the original topology. Let also Lp + ψp = L + ψ but
decomposed with respect to the new decomposition of the space. If ∀p ∈ P ,
G+δW ∈ EPers(Lp), then ∀p ∈ P , Stabϕp is dynamically quasiconvex with
respect to L+ ψ. 
3 Applications
3.1 Convergence property
Theorem 3.1. Let X,Z be Hausdorff compact spaces, ψ : G y X and
ϕ : G y Z actions by homeomorphisms, P the set of bounded parabolic
points of Z and a continuous surjective equivariant map α : X → Z such
that ∀x ∈ Z − P , #α−1(x) = 1. If ∀p ∈ P , ψ|Stabϕp×X has the convergence
property, then there exists an equivariant homeomorphism T to a parabolic
blowup Z ⋉ C that commutes the diagram:
X
π
##❋
❋❋
❋❋
❋❋
❋❋
T

Z ⋉ C
π′
// Z
Where π′ is the projection map.
Proof. For p ∈ P , take X = Wp+δp π
−1(p), where Wp = X−π
−1(p) and δp is
the only map that gives the original topology. Let also ψ1p + ψ
2
p = ψ but de-
composed with respect to the decomposition of the space. By the Theorem
2.24 it is sufficient to proof that the map α is topologically quasiconvex and
∀p ∈ P , X ∈ EPers(ψ1p).
Let, for p ∈ P , ∼p= ∆
2X ∪
⋃
q 6=p α
−1(q) and Xp = X/ ∼p. We have that
Xp = Vp +∂p π
−1
p (p), where Vp is just Xp − π
−1
p (p) and ∂p gives the original
topology of Xp. Let, ∀p ∈ P , ̟p : X → Xp and πp : Xp → Z be the quotient
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maps. Since Vp is open on Xp, we have that πp|Vp : Vp → Z−{p} is a quotient
map and since it is injective, we have that Vp is homeomorphic to Z − {p}.
Let p ∈ P . Let ϑp be the admissible map such that action of Stabϕp on
Stabϕp+ϑpπ
−1(p) has the convergence property. We have thatWp+ϑpΠπ
−1(p)
and Vp+ϑ′pΠπ
−1(p) have also the convergence property, where ϑpΠ and ϑ
′
pΠ are
the admissible maps given by the attractor-sum functors. By the uniqueness
of the compactification with the convergence property (Proposition 8.3.1 of
[14]) we have that Wp+ϑpΠ π
−1(p) = Wp+δp π
−1(p). Since ̟p|Wp : Wp → Vp,
id : π−1(p) → π−1(p) and id : Stabϕp +ϑp π
−1(p) → Stabϕp +ϑp π
−1(p) are
continuous and Stabϕp-equivariant, we have, by Proposition 1.42, that the
map ̟p|Wp+ id : Wp+ϑpΠ π
−1(p)→ Vp+ϑ′pΠ π
−1(p) is continuous. There exists
a bijection fp : Xp → Vp +ϑ′pΠ π
−1(p) that commutes the diagram:
Wp+ϑpΠπ
−1(p)
̟p|Wp+id
((◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗
̟p

Xp
fp // Vp+ϑ′
pΠ
π−1(p)
By the universal property of the quotient map, we have that fp is contin-
uous and then a homeomorphism. Thus Xp is Hausdorff, which implies that
α is topologically quasiconvex (Corollary 1.16).
Since the action ψ1p +ψ
2
p : Stabϕpy Wp+ϑpΠ π
−1(p) has the convergence
property and ψ1p is properly discontinuous and cocompact, we have that
X ∈ EPers(ψ1p) (Proposition 3.23 of [21]).
On the special case where ϕ is relatively hyperbolic we have:
Proposition 3.2. Let X,Z be Hausdorff compact spaces, ψ : G y X and
ϕ : Gy Z actions by homeomorphisms, P the set of bounded parabolic points
of Z and a continuous surjective equivariant map α : X → Z. If ψ has the
convergence property and ϕ is minimal and relatively hyperbolic, then there
exists an equivariant homeomorphism T to a parabolic blowup Z ⋉ C that
commutes the diagram:
X
π
##❋
❋❋
❋❋
❋❋
❋❋
T

Z ⋉ C
π′
// Z
Where π′ is the projection map.
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Proof. Since ϕ is relatively hyperbolic and minimal, every point of Z is con-
ical or bounded parabolic (Main Theorem of [13]). So the condition that
∀x ∈ Z − P , #α−1(x) = 1 is already satisfied since inverse image of a conic
point must have just one point (Proposition 7.5.2 of [14]).
Corollary 3.3. Let X,Z be Hausdorff compact spaces, ψ : G y X and
ϕ : G y Z actions by homeomorphisms, P the set of bounded parabolic
points of Z and a continuous surjective equivariant map α : X → Z such
that ∀x ∈ Z − P , #α−1(x) = 1. If ψ has the convergence property, then
∀p ∈ P , Stabϕp is dynamically quasiconvex with respect to ψ.

Corollary 3.4. Let X,Z be Hausdorff compact spaces, ψ : G y X and
ϕ : G y Z actions by homeomorphisms, P the set of bounded parabolic
points of Z and a continuous surjective equivariant map α : X → Z. If ψ
has the convergence property and ϕ is minimal and relatively hyperbolic, then
∀p ∈ P , Stabϕp is dynamically quasiconvex with respect to ψ.

3.2 Geometric compactifications
Lemma 3.5. Let G be a group that acts on a metrizable compact space Z
with the convergence property and p ∈ Z a bounded parabolic point. Let
S be a finite set of generators of G such that the action on the attractor-
sum G +∂c Z is geometric. Let d be the word metric on G with respect
S. Let {hngn}n∈N ⊆ G be a sequence that converges to p on G +∂c Z such
that ∀n ∈ N, hn ∈ Stab p and d(hn, hngn) = d(Stab p, hngn) and ∀g ∈ G,
(Stab p)g ∩ {hngn}n∈N is finite. Then the set {hn : n ∈ N} is infinite.
Remark. This lemma is essentially proved in Remark 2 of page 30 of [12].
Proof. Suppose that the set {hn : n ∈ N} is finite. Let h ∈ Stab p
and {hgni}i∈N a subsequence of {hngn}n∈N. For every i ∈ N, take γi a
geodesic from h to hgni. Since {hgni}i∈N converges to p, the sequence of
geodesics {γi}i∈N has a subsequence {γij}j∈N that converges to a geodesic
ray γ : [0.∞] → Cay(G, S) +∂′c Z such that γ(0) = h and γ(∞) = p, where
∂′c is the admissible map of the attractor-sum. This sequence is constructed
on the following way: Let Φ1 be a subsequence such that Φ1|[0,1] converges.
If we have Φk, we define Φk+1 as a subsequence of Φk such that Φk+1|[0,k+1]
converges. Choose Φ = {γij}j∈N such that ∀j ∈ N, γij ∈ Φj . Since ∀j ∈ N,
eventually Φ is a subsequence of Φj , we have that ∀n ∈ N, {γij |[0,n]}j∈N
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converges to a geodesic γn. Take γ : [0,∞] → Cay(G, S) +∂c Z defined by
γ(t) = γn(t) for some n where γn(t) is defined (it is clear that it agrees if we
change n) and γ(∞) = p. It is clear that γ|[0,∞) is a geodesic ray.
We have that ∀n ∈ N, there exists only a finite number points y such
that d(h, y) = d(h, γ(n)). So the sequence {γij(n)}ij∈N must be eventually
constant. Then, ∀n ∈ N, there exists j ∈ N : γ|[0,n] = γij |[0,n]. Then,
∀n ∈ N, d(γ(n), h) = d(γ(n), Stab p), which implies that {d(γ(n), Stab p)}n∈N
is unbounded.
Let u, u′ ∈ U∂c , with u
′2 ⊆ u, where U∂c is the uniform structure com-
patible with the topology of G +∂c Z. Since this compactification is ge-
ometric, there exists v ∈ U∂c such that if a geodesic do not intersect a
v-small neighbourhood V of h ∈ G, then the geodesic is u′-small. Take
t0 ∈ N such that for every t > t0, γ(t) /∈ V . There exists jt ∈ N such
that γ(t) ∈ γnijt
([0, d(h, hgnijt
)] ∩ N) and (hgnijt
, p) ∈ u′. We have also that
γnijt
([t0, d(h, hgnijt
)]∩N)∩V = ∅, which implies that γnijt
([t0, d(h, hgnijt
)]∩N)
is u′-small. Then (γ(t), hgnijt
) ∈ u′, which implies that (γ(t), p) ∈ u′ ⊆ u. So
we have that if U is a u-small neighbourhood of p, there exists t0 ∈ N such
that γ((t0,∞] ∩ N) ⊆ U , which implies that γ|N∩{∞} is continuous in ∞ and
then it is continuous.
We have that Stab p∪{p} is closed and the action of G on Z is geometric,
which implies that W , the union of the images of geodesic, geodesic rays and
geodesic lines linking points in Stab p ∪ {p}, is closed in G +∂c Z (Main
Lemma of [15]).
Let ς : G+∂c Z − {p} → (G+∂c Z − {p})/Stab p be the projection map.
We have that W − {p} ⊆ G is closed in G+∂c Z − {p} and ς-saturated. We
have also that ∀w ∈ W , Hw is open in G+∂cZ−{p}. So ς(W−{p}) is closed
and discrete on the compact space (G +∂c Z − {p})/Stab p, which implies
that ς(W −{p}) is finite. Then, there exists S a finite subset of G such that
W − {p} ⊆ HS. But {d(w, Stab p) : w ∈ W} is bounded, contradicting the
fact that the image of γ is contained in W .
Thus the set {hn : n ∈ N} is infinite.
Remark. The Main Lemma of [15] is stated only for relatively hyperbolic
actions. However, the same proof works for geometric compactifications if
we ask about geodesic hull instead of quasi-geodesic hull (we needed just the
geodesic hull on the proof of our lemma).
Lemma 3.6. Let G +∂ Y be a compact metrizable space and consider an
action by homeomorphisms L+ ϕ : Gy G+∂ Y . Let p ∈ Y be a point such
that ϕ|Stabϕp×Y−{p} is cocompact. Then L + ϕ|Stabϕp×G+∂Y−{p} is cocompact.
if and only if there is no infinite set A ⊆ {Stabϕ(p)g : g ∈ G} such that
∂(
⋃
A) = {p}.
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Proof. (⇒) LetK be a compact subset ofG+∂Y−{p} such that ϕ(Stabϕp,K) =
G +∂ Y − {p}. So ∀g ∈ G, ∃hg ∈ K ∩ Stabϕ(p)g. Suppose that there is an
infinite set A ⊆ {Stabϕ(p)g : g ∈ G} such that ∂(
⋃
A) = {p}. So there is
a sequence {gn}n∈N ⊆
⋃
A such that ∀n 6= m, Stabϕ(p)gm 6= Stabϕ(p)gm.
We have that {hgn}n∈N ⊆
⋃
A, which implies that {hgn}n∈N converges to
p, contradicting the fact that K is compact and p /∈ K. Thus, there is no
infinite set A ⊆ {Stabϕ(p)g : g ∈ G} such that ∂(
⋃
A) = {p}.
(⇐) Let p be a point such that ϕ|Stabϕp×Y−{p} is cocompact. Then there
exists K ⊆ Y − {p} a compact set such that ϕ(Stabϕp,K) = Y − {p}. Let
U be an open neighbourhood of K in G+∂ Y such that p /∈ ClG+∂Y (U). Let
J = L+ϕ(Stabϕp, ClG+∂Y (U)). We have that J is open and J∩Y = Y −{p}.
Let A = {Stabϕ(p)g : g ∈ G, Stabϕ(p)g ∩ J = ∅}. Let {gn}n∈N ⊆
⋃
A
be a wandering sequence. Since {gn}n∈N ∩ J = ∅, and J is open, there is no
cluster point of {gn}n∈N in Y −{p}, which implies that {gn}n∈N converges to
p. So ∂(
⋃
A) = {p}. Then, by hypothesis, A is finite.
Take a1, ..., an ∈ G such that A = {Stabϕ(p)a1, ..., Stabϕ(p)an}. Then
K ′ = ClG+∂Y (U)∪{a1, ..., an} is a compact set such that L+ϕ(Stabϕp,K
′) =
G+∂ Y − {p}.
Lemma 3.7. Let L + ϕ : G y G +∂ Y be a geometric action and p ∈ Y a
bounded parabolic point of ϕ. If A ⊆ {Stabϕ(p)g : g ∈ G} such that A and
∂(
⋃
A) = {p}, then A is finite.
Proof. Suppose there exists A ⊆ {Stabϕ(p)g : g ∈ G} such that A is infinite
and ∂(
⋃
A) = {p}. Take {gn}n∈N a wandering sequence such that ∀n ∈ N,
Stabϕ(p)gn ∈ A and d(1, gn) = d(Stabϕ(p), gn). Since ∂(
⋃
A) = {p}, we have
that {gn}n∈N converges to p, a contradiction to Lemma 3.5.
Proposition 3.8. Let L+ϕ : Gy G+∂ Y be a geometric action and p ∈ Y .
Then p is bounded parabolic with respect to L+ϕ if and only if it is bounded
parabolic with respect to ϕ.
Proof. (⇒) Immediate.
(⇐) Let p be a bounded parabolic point with respect to ϕ. We have that
Stabϕp acts with the convergence property on G+∂ Y , which implies that it
acts properly discontinuously outside the limit set of Stabϕp ([4]). But the
limit set is just {p}, which implies that Stabϕp acts properly discontinuously
on G+∂ Y −{p}. The cocompactness comes from the previous two lemmas.
Remark. For relatively hyperbolic actions this proposition is a simple con-
sequence of the Main Theorem (b) of [13].
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Theorem 3.9. Let G be a finitely generated group, L + ϕ : G y G +∂c Z
a geometric action P ⊆ Z the set of bounded parabolic points, P ′ ⊆ P a
representative set of orbits, C = {Cp}p∈P ′ a family of compact Hausdorff
spaces and {Stabϕp +∂p Cp}p∈P ′ a family of spaces with convergence actions
η = {ηp}p∈P ′, with Lp + ηp : Stabϕp y Stabϕp +∂p Cp (where Lp is the left
multiplication action). Then the action ϕ⋉ η : G y X has the convergence
property, where X = Z ⋉ C.
Remark. During this proof, when there is any subset of G, we change freely
between the elements of the group and their respective actions on the spaces
X , Xp and Z. On each sentence it is clear which meaning we are using. So
there should be no ambiguity.
Proof. Let π : X → Z, ̟p : X → Xp and πp : Xp → Z be the projection
maps, where Xp = Z − {p}+∂pΠ Cp. Let Φ ⊆ G be a wandering sequence.
Let’s suppose that there exists p ∈ P such that Φ ∩ Stabϕp is infinite.
Since the action of Stabϕp on Xp has convergence property and ̟p is Stabϕp-
equivariant and non ramified over the limit set of Xp, we have that ϕ ⋉ η
restricted to Stabϕp has the convergence property (Proposition 7.6.1 of [14]).
So there exists a collapsing subsequence Φ′ of Φ.
Let’s suppose now that ∀p ∈ P , Φ ∩ Stabϕp is finite.
Suppose that there exists g ∈ G and p ∈ P such that Φ ∩ (Stabϕp)g is
infinite. Then Φg−1 ∩ (Stabϕp) is infinite, where Φg
−1 = {gng
−1}n∈N and
Φ = {gn}n∈N. We have that there exists Φ
′ a collapsing subsequence of Φg−1
with attracting point r ∈ X and repelling point s ∈ X . So Φ′g is a collapsing
subsequence of Φ with attracting point r and repelling point ϕ⋉ η(g−1, s).
Let’s suppose now that ∀g ∈ G, ∀p ∈ P , Φ ∩ (Stabϕp)g is finite.
Since ϕ has the convergence property, there exists Φ′ a collapsing subse-
quence of Φ with attracting point a ∈ Z and repelling point b ∈ Z.
Suppose that a and b are not bounded parabolic. Then #π−1(a) =
#π−1(b) = 1. We have that Φ′|Z−{b} converges uniformly to a, which im-
plies that Φ′|X−{π−1(b)} converges uniformly to π
−1(a) (Proposition 1.3).
Suppose that a or b is bounded parabolic.
If a is not bounded parabolic, then b is bounded parabolic, which implies
that it is not conic. So ∃b′ 6= b such that ClZ2({(ϕ(g, b), ϕ(g, b
′)) : g ∈
Φ′}) ∩∆Z 6= ∅. Since the sequence defined by Φ′|b′ converges to a, we have
that there exists Φ′′ a subsequence of Φ′ such that Φ′′|b converges to a. So
Φ′′|Z converges uniformly to a, which implies that Φ
′′|X converges uniformly
to π−1(a) (since #π−1(a) = 1).
If a is bounded parabolic, take Φ′′ a subsequence of Φ′ such that ∀g ∈ G,
#Φ′′ ∩ (Stabϕa)g 6 1. By the Lemma 3.5, we can write Φ
′′ as {hngn}n∈N
with d(hn, hngn) = d(Stabϕa, hngn) (where d is the word metric with respect
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to a finite set of generators of G such that L+ϕ is geometric) and {hn}n∈N is
a wandering sequence. We have also that {gn}n∈N is a wandering sequence.
Since d(1, gn) = d(Stabϕa, gn), we have by the Lemma 3.5 that a is not a
cluster point of {gn}n∈N. Let Φ
′′′ = {hnigni}i∈N be a subsequence of Φ
′′ such
that {gni}i∈N is a collapsing subsequence of {gn}n∈N with attracting point
a′ ∈ Z and repelling point b′ ∈ Z and {hni}i∈N is a collapsing subsequence of
{hn}n∈N with attracting point c ∈ Ca and repelling point d ∈ Ca. We have
that a′ is a cluster point of {gn}n∈N, which implies that a 6= a
′.
We have that {gni}i∈N|Z−{b′} converges uniformly to a
′, which implies that
the set of liftings of {gni}i∈N|Z−{b′} to Xa converges uniformly to π
−1
a (a
′). We
have also that {hni}i∈N|Xa−{d} converges uniformly to c. Since π
−1
a (a
′) 6= d,
the set of liftings of Φ′′′|Z−{b′} to Xa converges uniformly to c (Proposition
1.5). Then Φ′′′|X−{π−1(b′)}, which is contained on the set of liftings of Φ
′′′|Z−{b′}
to X , converges uniformly to ̟−1a (c).
If b′ is a conical point, then #π−1(b′) = 1 and we are done. If b′ is
not conical, there exists b′′ 6= b′ such that ClZ2{(ϕ(gni, b
′), ϕ(gni, b
′′)) : i ∈
N} ∩ ∆Z 6= ∅. Since b′′ 6= b′, we have that {ϕ(gni, b
′′)}i∈N converges to
a′. So a′ is a cluster point of {ϕ(gni, b
′)}i∈N. Let Φ
(4) = {hnij gnij}j∈N be
a subsequence of Φ′′′ such that {ϕ(gnij , b
′)}j∈N converges to a
′. So the set
of liftings of {gnij}j∈N|{b′} to Xa converges uniformly to π
−1
a (a
′), then the
set of liftings of Φ(4)|{b′} to Xa converges uniformly to c and then the set of
liftings of Φ(4)|{b′} to X (that contains Φ
(4)|{π−1(b′)}) converges uniformly to
̟−1a (c). Since Φ
(4)|X−{π−1(b′)} already converges uniformly to ̟
−1
a (c), then
Φ(4) converges uniformly on X to ̟−1a (c).
Thus ϕ× η has the converges property.
Corollary 3.10. Let X,Z be Hausdorff compact spaces, G a finitely gener-
ated group, ψ : G y X and ϕ : G y Z actions by homeomorphisms, P the
set of bounded parabolic points of Z and a continuous surjective equivariant
map α : X → Z such that ∀x ∈ Z − P , #α−1(x) = 1. If ∀p ∈ P , ψ|Stabϕp×X
has the convergence property, ϕ has the convergence property and G+∂c Z is
geometric with respect to some finite set of generators of G, then ψ has the
convergence property.
Proof. Immediate from the last theorem and Theorem 3.1.
3.3 Relatively hyperbolic actions
Let G be a finitely generated group, ϕ : Gy Z a relatively hyperbolic action,
P ⊆ Z be the set of bounded parabolic points, P ′ ⊆ P a representative set of
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orbits, C = {Cp}p∈P ′ a family of compact Hausdorff spaces, H = {Hp}p∈P ′,
with Hp ⊆ G minimal sets such that 1 ∈ Hp and Orbϕ|Hp×Zp = Orbϕp and
{Stabϕp+∂pCp}p∈P ′ a family of spaces with convergence actions η = {ηp}p∈P ′,
with Lp + ηp : Stabϕp y Stabϕp +∂p Cp (where Lp is the left multiplication
action).
Let X = Z ⋉ C. From Theorem 3.9, we have that ϕ × η has the
convergence property. Let π : X → Z, and, for p ∈ P , ̟p : X → Xp and
πp : Xp → Z be the projection maps.
Let Ap ⊆ Cp and A ⊆ Z be the sets of conical points with respect to ηp
and ϕ, respectively.
Proposition 3.11. The points of π−1(A) ∪
⋃
p∈P
̟−1p (Ap) are conical.
Proof. Since π is a continuous G-equivariant map, we have that the points
of π−1(A) are conical. We have also that ∀p ∈ P , ̟p is Stabϕp-equivariant,
which implies that the points of π−1p (Ap) are conical with respect to Stabϕp
and then conical with respect to G. Thus the points of π−1(A)∪
⋃
p∈P
̟−1p (Ap)
are conical.
Corollary 3.12. If ∀p ∈ P ′, Ap = Cp and A = Z − P , then every point of
X is conical. 
Corollary 3.13. If G is finitely generated and ϕ is minimal, then the functor
ϕ⋉ sends a set of minimal hyperbolic actions to a minimal hyperbolic action.
In this case, we have that ∂∞G = Z ⋉ {∂∞Stabϕp}p∈P ′. 
Let, for p ∈ P , Bp ⊆ Cp be the set of bounded parabolic points with
respect to the action ηp.
Proposition 3.14.
⋃
p∈P
̟−1p (Bp) is the set of bounded parabolic points with
respect to the action ϕ⋉ η.
Proof. Let x ∈ Bp. We have that #̟
−1
p (x) = 1 and, by Proposition
1.25, ̟−1p (x) is bounded parabolic. So the points of the set
⋃
p∈P
π−1p (Bp) are
bounded parabolic.
Let x ∈ X be a bounded parabolic point. If x /∈ P , then x = π−1(π(x)),
which implies that π(x) is bounded parabolic, absurd. So π(x) = p ∈ P . We
have that #̟−1p (̟p(x)) = 1, which implies that ̟p(x) is bounded parabolic
and then x ∈ ̟−1p (Bp).
Thus, the set of bounded parabolic points of ϕ ⋉ η is given by the set⋃
p∈P
̟−1p (Bp).
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Corollary 3.15. If ∀p ∈ P ′, Ap ∪Bp = Cp and A∪P = Z, then every point
of X is conical or bounded parabolic. 
Corollary 3.16. If G is finitely generated, and ϕ is a minimal relatively
hyperbolic action, then the functor ϕ⋉ sends sets of relatively hyperbolic ac-
tions η = {ηp}p∈P ′ to relatively hyperbolic actions ϕ ⋉ η. In this case, we
have that ∂B(G,
⋃
p∈P ′ Pp) = Z ⋉ {∂B(Stabϕp,Pp)}p∈P ′, where Pp is a set of
representatives of maximal parabolic subgroups of the action ηp. 
On another words, we have a proof of a result from Drutu and Sapir [9]:
Corollary 3.17. (Drutu and Sapir, Corollary 1.14 of [9]) If G is finitely
generated and relatively hyperbolic with respect to the set P of representatives
of maximal parabolic subgroups and each P ∈ P is relatively hyperbolic with
respect to the set of representatives PP , then G is relatively hyperbolic with
respect to the set of representatives
⋃
PP .
Furthermore, we have a topological description of ∂B(G,
⋃
PP ) as a limit:
it is the space ∂B(G,P)⋉ {∂B(P,PP )}P∈P .
Proposition 3.18. Let G be a finitely generated group and Z a Hausdorff
compact space. Suppose that there is a relatively hyperbolic action ϕ : Gy Z
that is maximal over the relatively hyperbolic actions (i.e. if there exists an-
other relatively hyperbolic action on Z ′, then there is an equivariant contin-
uous map from Z to Z ′). Then, for every bounded parabolic point p ∈ Z,
Stabϕp has no non trivial relatively hyperbolic action. 
Remark. This happens trivially when G is hyperbolic and when G is a
Kleinian group with abelian maximal parabolic subgroups with rank bigger
than 1.
3.4 Blowing up the Cantor set
On this subsection let’s consider K as the Cantor set again.
Proposition 3.19. Let G be a group that acts by homeomorphisms on a
metrizable space X and on K and let π : X → K be a continuous equivariant
map. If the action on K has countably many bounded parabolic points, each
bounded parabolic point has a dense orbit on K and π is a blowup map,
then X is a dense amalgam with Y the set of preimages of bounded parabolic
points. 
Remark. As an special case, the theorem holds if G is finitely generated,
the action on K is a minimal convergence action and π is a blowup map.
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Let G be a finite graph of groups with finitely generated vertex groups
{Gi}i∈V , finite edge groups and fundamental group G. From Dahmani Com-
bination Theorem [6] G is relatively hyperbolic relative to {Gi}i∈Γ and its
Bowditch boundary ∂B(G, {Gi}i∈V ) is homeomorphic to K. Let C = {Ci}i∈V
be a family of compact metrizable spaces and, for i ∈ V , Gi+∂iCi a perspec-
tive compactification of Gi (we suppose that ∂i(Gi) = Ci). Then, by the last
proposition, the parabolic blowup ∂B(G, {Gi}i∈V ) ⋉ C is a dense amalgam
with Y the set of preimages of bounded parabolic points.
Proposition 3.20. (Combination Theorem for Convergence Actions) Let G
be a finite graph of groups with finitely generated vertex groups {Gi}i∈V , finite
edge groups and fundamental group G. Suppose that for each i ∈ V , Gi acts
minimally and with convergence property on a space Ci. Then G acts with
convergence property on a space X such that ∀i ∈ V , the limit set Λιi(Gi) is
equivariatly homeomorphic to Ci, where ιi : Gi → G is the canonical inclusion
map and ΛH is the set of limit points of H. Moreover, we can construct X
as a dense amalgam with Y = {gΛιi(Gi) : g ∈ G, i ∈ V }. 
If, for each i ∈ V , Gi is relatively hyperbolic with respect to Pi and
Ci = ∂B(Gi,Pi), then X = ∂B(G,
⋃
i ιi(Pi)). Then, in this special case, we
have another description for the Bowditch boundary that was constructed by
Dahmani on [6]. In the special case where all vertex groups are hyperbolic
and the spaces Ci are its hyperbolic boundaries, then the space X is the
hyperbolic boundary of G. This case was proved in [23] (Theorem 0.3 (2)).
Corollary 3.21. Let G1, .., Gn, G
′
1, ..., G
′
n be finitely generated groups, G =
G1 ∗ ... ∗ Gn, G
′ = G′1 ∗ ... ∗ G
′
n and the inclusion maps ιi : Gi → G and
ι′i : G
′
i → G
′. If for every i ∈ {1, ..., n}, Gi is relatively hyperbolic with
respect to Pi, G
′
i is relatively hyperbolic with respect to P
′
i and ∂B(Gi,Pi)
is homeomorphic to ∂B(G
′
i,P
′
i), then ∂B(G,
⋃
i ιi(Pi)) is homeomorphic to
∂B(G
′,
⋃
i ι
′
i(P
′
i)). 
The Theorem 4.1 of [20] proves this corollary for the case of hyperbolic
groups and hyperbolic boundaries.
3.5 Space of ends
Let G be a group. We consider G+∂E Ends(G) the Freudenthal compactifi-
cation of G (i.e. the maximal equivariant perspective compactification with
totally disconnected boundary). If G is hyperbolic, we denote by G+∂∞ ∂∞G
the hyperbolic compactification of G.
Proposition 3.22. Let G be a group and p ∈ Ends(G) a bounded parabolic
point of G+∂E Ends(G). Then #Ends(Stab p) = 1.
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Proof. Let P be the set of bounded parabolic points, P ′ ⊆ P be a representa-
tive set of orbits of P , C = {Ends(Stab p)}p∈P ′, {Stab p+∂p,EEnds(Stab p)}p∈P ′
the set of spaces with perspective property and obvious actions. Let X =
(G +∂E Ends(G)) ⋉ C. Since X is a limit of totally disconnected spaces,
it follows that it is totally disconnected as well. The blowup map is the
unique continuous equivariant map α : X → G +∂E Ends(G), since X is
a compactification of G. Since G +∂E Ends(G) is the maximal perspective
compactification of G with totally disconnected boundary, it follows that α
must be an homeomorphism. So, ∀p ∈ P , #α−1(p) = 1. But α−1(p) is
homeomorphic to Ends(Stab p). Thus, #Ends(Stab p) = 1.
Proposition 3.23. Let G be an accessible finitely generated group such that
∀H < G quasiconvex subgroup, #Ends(H) 6= 1. Then, G is hyperbolic and
G+∂∞ ∂∞G
∼= G+∂E Ends(G).
Remark. Hyperbolic groups are accessible since they are finitely presented
and finitely presented groups are accessible (Theorem VI.6.3 of [8]).
Proof. Since G is accessible we have that the action of G on Ends(G) is
relatively hyperbolic [14]. Let p ∈ Ends(G) be a bounded parabolic point.
Then, #Ends(Stab p) = 1. But stabilizers of bounded parabolic points
are quasiconvex (Corollary 3.9 of [15]). Absurd. So there are no bounded
parabolic points in Ends(G). Since the action of G on Ends(G) is relatively
hyperbolic, there are only conical or bounded parabolic points in Ends(G)
(Main Theorem of [13]), which implies that there are only conical points in
Ends(G). Then the action of G on Ends(G) is hyperbolic (Theorem 8.1 of
[2]). Since a hyperbolic action is unique up to equivariant homeomorphism
(Lemma 5.1 of [4]), we have that G+∂∞ ∂∞G
∼= G+∂E Ends(G).
Theorem 3.24. Let G be an accessible finitely generated group such that
∀H < G quasiconvex subgroup, #Ends(H) 6= 1. Then, G is virtually free.
Proof. We have that Ends(G) ∼= ∂∞G, which implies that ∂∞G has topo-
logical dimension 0. Then it follows that G must be virtually free (7.A.1 of
[16]).
Proposition 3.25. Let π : X → Z be a blowup map and P ⊆ Z the set of
bounded parabolic points. If Z is connected and ∀p ∈ P , π−1(p) is connected,
then X is connected.
Proof. Let A be a clopen set of X and p ∈ P such that A ∩ π−1(p) 6= ∅.
Since π−1(p) is connected, π−1(p) ⊆ A. So A is π-saturated. Then π(A) is a
clopen set of Z. Since Z is connected, π(A) is empty or equal to Z, which
implies that A is empty or equal to X . Thus X is connected.
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Corollary 3.26. Let G be a finitely generated group that is relatively hyper-
bolic with respect to a set of parabolic subgroups P. If #Ends(G) > 1 and
∂B(G,P) is connected, then there exists H ∈ P such that #Ends(H) > 1.
Proof. Since the Freudenthal compactificationG+∂EEnds(G) and the attractor-
sum G +∂c ∂B(G,P) are geometric [14], there exists a geometric compacti-
fication G +∂ X and two continuous equivariant maps π : X → Ends(G),
π′ : X → ∂B(G,P). Since #Ends(G) > 1, we have that X is not con-
nected. We have that the map π′ is a blowup map (Theorem 3.1) and
∂B(G,P) is connected. So, by the last proposition, there exists H ∈ P
such that π′−1(∂c(H)) is not connected. But π
′−1(∂c(H)) = ∂(H). Thus
#Ends(H) > 1.
Corollary 3.27. Let G be a finitely generated group that is relatively hyper-
bolic with respect to a set of parabolic subgroups P. If ∂B(G,P) is non trivial,
connected and without local cut points, then #Ends(G) = 1.
Proof. As above, let G+∂X be a geometric compactification such that there
exists two continuous equivariant applications π : X → Ends(G) and π′ :
X → ∂B(G,P). Let P be the set of bounded parabolic points of ∂B(G,P).
We have that π′ is a blowup map. By Corollary 0.2 of [3] the space
∂B(G,P) is locally connected. Since ∂B(G,P) is connected, locally connected
and without local cut points, every group in P is one-ended (Proposition 3.3
of [7]), which implies that ∀p ∈ P , π′−1(p) is connected. Then X is connected,
which implies that Ends(G) is connected. Thus #Ends(G) = 1.
Remark. Proposition 3.3 of [7] says that if ∂B(G,P) is non trivial, con-
nected, locally connected and without local cut points, then every group in
P is one-ended. It is stated for the Merger curve but Dahmani’s proof works
in general.
3.6 Maximal perspective compactifications
Theorem 3.28. Let G be a group and G+∂ Y its maximal perspective com-
pactification. If p ∈ Y is a bounded parabolic point and Stab p +∂p Cp is a
compactification of Stab p with the perspective property (i.e. Stab p is dense
on it), then #Cp = 1.
Proof. Let P be the set of bounded parabolic points, P ′ ⊆ P be a represen-
tative set of orbits of P , C = {Cp}p∈P ′ be a set of Hausdorff compact spaces,
{Stab p +∂p Cp}p∈P ′ a set of compact spaces with perspective property such
that ∀p ∈ P ′, Stab p is dense. Let X = (G+∂ Y )⋉C. The blowup map is the
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unique continuous equivariant map α : X → G +∂ Y , since X is a compact-
ification of G. Since G +∂ Y is the maximal perspective compactification of
G, it follows that α must be an homeomorphism. So, ∀p ∈ P , #α−1(p) = 1.
But α−1(p) is homeomorphic to Cp. Thus, #Cp = 1.
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